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Abstract: In this paper strong limits on the accuracy of real-world physical computation are
established. First it is proven that there cannot be a physical computer C to which one can pose
any and all computational tasks concerning the physical universe. Next it is proven that no physi-
cal computer C can correctly carry out any computational task in the subset of such tasks that can
be posed to C. This means that there cannot be a physical computer that can be assured of cor-
rectly “processing information faster than the universe does’. Because this result holds indepen-
dent of how or if the computer is physically coupled to the rest of the universe, it also means that
there cannot exist an infallible, general-purpose observation apparatus, nor an infallible, general-
purpose control apparatus. These results do not rely on systems that are infinite, and/or non-classi-
cal, and/or obey chaotic dynamics. They also hold even if one could use an infinitely fast, infi-
nitely dense computer, with computational powers greater than that of a Turing Machine (TM). In
fact a non-TM formulation of computation is needed to address the issues considered in this
paper. Analogues of results concerning universal Turing Machines and the Halting theorem are
derived for this novel kind of computer, as are results concerning the (im)possibility of certain
kinds of error-correcting codes. In addition, an analogue of algorithmic information complexity,
“prediction complexity”, is elaborated. A task-independent bound is derived on how much the
prediction complexity of a computational task can differ for two different reference universal

physical computers used to solve that task. This is analogous to the “encoding” bound governing



how much the algorithm information complexity of a TM calculation can differ for two reference
universal TMs. It is proven that either the Hamiltonian of our universe proscribes a certain type of
computation, or prediction complexity is unique (unlike agorithmic information complexity).
Finally, the possible implications of this analysis for the issue of whether the universe“is’ a com-

puter are briefly discussed.



INTRODUCTION

Recently there has been heightened interest in the relationship between physics and computa-
tion ([1-37]). This interest extends far beyond the topic of quantum computation. On the one
hand, physics has been used to investigate the limits on computation imposed by operating com-
putersin the real physical universe. Conversely, there has been speculation concerning the limits
imposed on the physical universe (or at least imposed on our models of the physical universe) by
the need for the universe to process information, as computers do.

To investigate this second issue one would like to know what fundamental distinctions, if any,
there are between the physical universe and a physical computer. To address this issue this paper
begins by establishing that the universe cannot contain a computer to which one can pose any
arbitrary computational task. Accordingly, this paper goes on to consider computer-indexed sub-
sets of computational tasks, where all the members of any such subset can be posed to the associ-
ated computer. Restricting attention to such subsets, it then proves that one cannot build a
computer that can “process information faster than the universe”. More precisaly, it is shown that
one cannot build a computer that can, for any physical system, correctly predict any aspect of that
system’s future state before that future state actually occurs.

This asymmetry in computational speeds constitutes a fundamental distinction between the
universe and the set of all physical computers. Its existence casts an interesting light on the ideas
of Fredkin, Landauer and others concerning whether the universe “is” a computer, whether there
are “information-processing restrictions’ on the laws of physics, etc. [11, 20]. In a certain sense,
the universe is more powerful than any information-processing system constructed within it could
be. This result can alternatively be viewed as a restriction on the universe as a whole — the uni-
verse cannot support the existence within it of acomputer that can process information asfast asit
can.

To establish these unpredictability results this paper considers a model of physical computa-

tion which is actually general enough to address the performance of other computational tasks as



well as prediction of the future. In particular, this model does not rely on temporal orderings of
events, and therefore the unpredictability results also establish that no computer can infallibly pre-
dict the past (i.e., perform retrodiction). So any memory system must be fallible, i.e., the second
law cannot be used to ensure perfectly faultless memory of the past. (Accordingly, the psycholog-
ical arrow of time is not inviolate [31].%) The unpredictability results are also general enough to
allow arbitrary coupling of the computer and the external universe. So for example they also
establish that there cannot be either aninfallible general purpose observation device nor an infalli-
ble general purpose control device. (The result concerning observation can be viewed as an uncer-
tainty principle, one that does not involve quantum mechanics.)

No physically unrealizable systems, chaotic dynamics, or non-classica dynamics are
exploited in this paper, and the results hold even if one restricts attention to systems which contain
a finite number of degrees of freedom. The results also hold even if the computer is infinitely
dense and/or infinitely fast (in which case the speed of light would be infinite), even if the com-
puter has an infinite amount of time to do the calculation (either before or after the event being
predicted occurs), and even if the computer’s initial input explicitly contains the correct value of
the variable it is trying to predict / observe. (More generally they hold regardless of the program
running on the computer.) They also hold for both analog and digital computation, and whether or
not the computer’s program can be loaded into its own input (i.e., regardless of the computational
universality of the computer). The unpredictability results also hold even if one allows the com-
puter to beinitialized with the correct answer. Moreover, the results hold regardless of the (Chom-
sky hierarchy) power of one's computer, so long as it is physically realizable. If it turns out to be
physically possible to have computers with computational power greater than that of a Turing
machine, then the result of this paper holds for such a computer. As a particular example, the
results also hold even if the “computer” includes one or more human beings. So even if Penrose’s
musing on quantum gravity and intelligence turns out to be valid — even if human computational
powers are not subject to the restrictions that apply to any of the members of the Chomsky hierar-

chy — itisstill true that human intelligence is guaranteed to be wrong sometimes.



Results of such generality are derived by examining the underlying issue from the perspective
of the computational character of real-world physical systemsin general, rather than that of some
single precisely specified (and often non-physically realizable) system. The associated mathemat-
ics does not directly involve dynamical systems like Turing machines. Rather it casts computation
in terms of partitions of the space of possible worldlines of the universe. For example, to specify
what input a particular physical computer has at a particular time is to specify a particular subset
of all possible worldlines of the universe; different inputs to the computation correspond to differ-
ent (non-overlapping) such subsets. Similar partitions specify outputs of a physical computer.
Results concerning the (im)possibility of certain kinds of physical computation are derived by
considering the relationship between these kinds of partitions. In its being defined in terms of
such partitions, “physical computation” involves a structure that need not even be instantiated in
some particular physically localized apparatus; the formal definition of a physical computer is
general enough to also include more subtle non-localized dynamical processes unfolding across
the entire universe. Computers in the conventional, space-time localized sense (e.g., the box on
your desk) are simply special examples, with lots of extra restrictions that turn out to be unneces-
sary in the underlying mathematics.

Section 1 of this paper generalizes from particular instances of real-world physical computers
that “try to reliably and ahead of time predict the future state of any system” to motivate a broad
formal definition of physical computation in terms of partitions. To maintain maximum breadth of
the analysis, we do not want to restrict attention to physical computersthat are (or are not) capable
of self-reference. As an alternative, we start by restricting attention to universes containing at least
two physical computers. (Put another way, our initial results hold for any single computer not so
powerful as to preclude the possible existence anywhere else in the universe of another computer
as powerful asitis — which certainly describes any computer that human beings can ever cre-
ate.) Section 1 also establishes that there exist prediction problems that cannot even be posed to
one of those two physical computers. Restrictions on the set of prediction problems are introduced
accordingly.

Section 2 proves that, even within such a restricted set of prediction problems, one cannot



have apair of computers each of which can, reliably and ahead of time, predict the future state of
any system. It isaso in Section 2 that the impossibility of an infallible general-purpose retrodic-
tion apparatus, observation apparatus, or control apparatus is established. These results are all
derived through what is essentialy a physical version of a Cretan Liar's paradox; they can be
viewed as a physical analogue of Godel’s Incompleteness Theorem, involving two instances of
the putative computer rather than self-referential computers.

The mathematics and impossibility results governing the partitions underlying computation
bear many parallels with that governing conventional computer science models. Section 3 expli-
cates some of that mathematical structure, involving topics ranging from error correction to the
(lack of) transitivity of computational predictability across multiple distinct computers. In particu-
lar, results are presented concerning physical computation analogues of the mathematics of Tur-
ing machines, e.g., “universal” physical computers, and Halting theorems for physical computers.
In addition, an analogue of algorithmic information complexity, “prediction complexity”, is elab-
orated. A task-independent bound is derived on how much the prediction complexity of a compu-
tational task can differ for two different reference universal physical computers used to solve that
task. This bound is similar to the “encoding” bound governing how much the algorithmic infor-
mation complexity of a Turing machine calculation can differ for two reference universal Turing
machines. It is then proven that one of two cases must hold. One is that the Hamiltonian of our
universe proscribes a certain type of computation. The other possibility is that, unlike conven-
tional algorithmic information complexity, its physical computation analogue is unique, in that
thereisone and only version of it that can be applicable throughout our universe.

Section 4 presents a brief overview of how, the unpredictability results notwithstanding, this
paper’s formalism might be used to gainfully view auniverse as a (single) computer. The implica
tions of this paper’s results under such an identification are briefly discussed. This section then
relates the work presented in this paper to previous work in the literature. This section ends with a
discussion of future work.

Throughout this paper, B ={0, 1}, [J isdefined to be the set of all real numbers, ‘' isthelog-



ical and operator, and ‘NOT’ is the logical not operator applied to B. To avoid proliferation of
symbols, often set-delineating curly brackets will be used surrounding a single symbol, in which
case that symbol isto taken to be avariable with the indicated set being the set of all values of that
variable. So for example “{y}” refers to the set of all values of the variable y. In addition o(A) is
the (potentially transfinite) cardinality of any set A, and 2 is the power set of A. u 0 U are the
possible states of the universe, and U isthe space of allowed trgjectories through U (i.e., world-
lines of the universe). So U 0 U isasingle-valued map from t (1 tou 0 U, withu, = U, the state
of the universe at time t. Note that since the universe is microscopically deterministic, u; for any t
uniquely specifies U. Sometimes there will be implicit constraints on U. For example, we will
assume in discussing any particular computer that the space U is restricted to worldlines U that
contain that computer. Fully formal definitions and proofs are relegated to the appendix, so that
the main text can concentrate on the fundamental concepts. Extra discussion and examples of
those concepts that would be too distracting in the main text are also presented in the appendix.

An earlier analysis addressing some of the issues considered in this paper can be found in [33].

|. ADEFINITION OF WHAT IT MEANSTO “PREDICT THE FUTURE”

i) Definition of a Physical Computer

For the purposes of this paper, aphysical computer will “predict the state of a system ahead of
time” if the computer is a general emulator of the physical dynamics of such a system, an emula-
tor that operates faster than that dynamics. So given some time T > 0, and given some desired
information concerning the state of some system at T, our goal is to have the computer output that
desired information before time T. To that end we allow the computer to be “initialized” at time 0,
with different “input”, depending on the value of T, what information is desired, perhaps informa-
tion about the current state of the state whose future is being predicted, etc.

To make this concrete, we start by distinguishing the specification of what we want the com-



puter to calculate from the results of that calculation. Let a be the value of a variable delineating
some information concerning the state of the physical universe at time T (e.g., the values of a
finite set of bits concerning the state of a particular system Sresiding in the universe at that time).
We indicate a specification that we wish to know a as aquestion g 0 Q. So q says what o isfor
any state of the universe at time T. This means that what we wish our computer to tell usis the
result of g, asingle-valued mapping from the state of the universe at T to an answer a.

Since U fixes ur and (for a deterministic universe) vice-versa, we can generalize this by dis-
pensing with specification of T. In other words, we can recast any q as any single-valued mapping
from Uto a. So q fixes a partition over the space LAJ and any pair (o, q) delineatesaregionin 0.

In general, the space {a} of potential answers of the universe (i.e., the set of partition element
labels) can change depending on g, the question concerning the universe (i.e., the partition). This
means that we need to concern ourselves not just with the relation between computers answer
values, but also with the relation between the associated spaces of possible values (e.g., the num-
ber 1 is both an element of the space B and of the space {1,4,5}, two cases that must be distin-
guished.) We will write the space {a} as A(g) when we need to indicate its dependence on
g explicitly. As much as possible, the extra complexity associated with keeping track of A(Q) is
relegated to the fully formal analysisin the appendix.

Without the accompanying g, avalue of a, by itself, is meaningless. So we must know what g
we are answering when we read the computer’s output. Accordingly, we take the output of our
computer to be a question q together with an associated prediction for a. Very often the question
— amapping from answers to associated sets of possible states of the real world — isonly stored
in a human user’s memory. In this case that aspect of the human isimplicitly part of the computer.
As an example, some particular pattern of bits in an electronic workstation needs to be “inter-
preted” by a human to serve as a prediction concerning the physical universe.

Our computer’s output provides a delineation of a subregion of U [ LAJ; those U such that
q( U) = a. It provides more structure than just that though, e.g., two different outputs can have the

same answer even though they delineate different regions (due to having different questions).



Finally, choose some real number 1, where 0 < 1 < T. Our goal is that for any g [ Q thereis an
associated initial “input” state of the computer which ensures that at time t our computer’s output
isa correct prediction for a, in that for the U of the universe, g( U) = a.

Note that despite the nomenclature, a“question / answer” pair is not a premise and associated
conclusion, in the sense of an if-then statement. Rather it is just a conclusion. The associated
premise (i.e., theif clause) is encoded in the inpuit.

Now consider a conventional computer that consists of a fixed physical dynamical system
together with a pair of mappings by which some of that system’s observable degrees of freedom
are interpreted as (perhaps binary) “inputs’, and some as “outputs’. More precisely, certain char-
acteristics of the degrees of freedom of the computer — like whether they exceed a pre-specified
threshold, in the case of a digital computer — are interpreted that way. The input and output
degrees of freedom can overlap, and may even be identical. Since the computer exists in the phys-
ical universeits state is at any moment is specified by u. Therefore both the interpretation of some
of the computer’s degrees of freedom as “inputs’ and some as “outputs” is equivalent to asingle-
valued mapping from u [0 U to a space of inputs and of outputs, respectively. With the input time
0 and output time T implicit, we can recast the domains of those mappings as lAJ rather than U.

All of this holds whether the computation of outputs from inputs proceeds in a “digital” or
“analog” fashion. The only restriction isthat we are interested in falsifiable rather than probabilis-
tic predictions. Thisrestriction will often hold even if the system being predicted is stochastic and
the precise aspect of it we're predicting is a function of the associated distributions. For example,
whether the temperature of a particular system falls within a certain range at a particular timeisa
falsifiable prediction. (See aso Ex. 1 below.) In any case, the extension to having the computer’s
output be a probability distribution is fairly straight-forward — see the discussion just before

Thm. 2.

Example 1 (conventional prediction of the future): Say that our universe contains a system S

external to our computer that is closed in thetimeinterval [0, T], and let u be the values of the ele-
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ments of a set of canonical variables describing the universe. a isthet = T values of the compo-
nents of u that concern S, measured on some finite grid G( Ut ) of finite precision. q is this
definition of a with G and the like fully specified. (So q is a partition of the space of possible ur,
and a is an element of that partition.) Q is a set of such g's, differing in G, whose associated
answers our computer can (we hope) predict correctly. By determinism, under the convention that
we are interested in questions concerning thet = T state of the universe, we can replace any grid
G( Uy ) withagrid G( U).

The input to the computer isimplicitly reflected in itst = 0 physical state, as our interpretation of
that state. In this example (though not necessarily in general), that input specifies what question
we want answered, i.e., which q and associated T we are interested in. It also delineates one of
severa regions R [ LAJ each of which, intuitively, gives thet = 0 state of S and S's Hamiltonian.
Throughout each such R, the system Sis closed from the rest of the universe during t [J [0, T].
Since the precise R delineated specifies a set of possible values of ug in full, not just of Sst =0
state, it is an element of a (perhaps irregular) finite precision grid over LAJ G. If, for some R,
q( U) hasthe samevaluefor all {i O R, then thisinput R uniquely specifieswhat a isfor any asso-
ciated {1. If thisis not the case, then the R input to the computer does not suffice to answer ques-
tion g. So for any g and region R both of which can be specified in the computer’s input, R must
be a subset of aregion q(a) for somea.

Implicit in this definition is some means for correctly getting the information of the value R into
the computer’s input. In practice, this is often done by having had the computer coupled to S
sometime before time 0. As an aternative, rather than specify R in the input, we could have the
input contain a*“ pointer” telling the computer where to look to get the information R. (The analy-
sis of this paper holds no matter how the computer gains accessto R.)

In practice the input, giving R, g, and T, is an element of a partition over an “input section” of our
computer. In such acase, the input isitself an element of afinite precision grid over Ug, G"( Ug ).
So an element of G" specifies an element of G (namely q) and element of G' (namely R).

As usual any G"( Ug ) can be re-expressed as a grid G"( LAJ ), under the convention that we are
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interested in inputs imposed on the t = O state of the computer. Note that if initialization wereto be
at atimet # 0, it would correspond to a different grid G"( LAJ ), in general, since the values of the
computer’s input degrees of freedom may vary in time.

Given its input, the computer (tries to) form its prediction for a by first running the laws of phys-
ics on aug having the specified value as measured on G', according to the specified Hamiltonian,
up to the specified time T. The computer then applies g(.) to the result. Finally, it ensures that this
prediction for a isin its output section at time 1. More precisely, there is afourth finite precision
grid G"' over U, defined by the state of the computer’s output section at time t. The computer uses
that grid to “write out” (what is interpreted as) its prediction for which region in U the universe
will bein at T, that prediction being formally equivalent to a prediction of aregionin 0. The godl
isto have it do this, with the correct value of a, by timet< T.

Since G"'( U; ) induces agrid over LAJ G"'( lAJ ), we can dispense with the “timet < T” stipulation;
the goa is ssmply to have the universe be in the element of G™( 0 ) associated with the current
value of a. Aswith changing the time of input, changing the time T of output will change the grid
G"( LAJ ), in generd

Consider again the case where thereisin fact a correct prediction, i.e., where R is indeed a subset
of the region g}(a) for some a. For this case, formally speaking, “all the computer has to do” in
making its prediction is take the region R and question q delineated in its input and recognize
which region in the partition g contains the region R. Then it must output the label of that region
in g onto its output. In practice though, g and R are usually “encoded” differently, and the com-
puter must “translate” between those encodings to recognize which region q*(a) contains R; this
trang ation constitutes the “ computation”.

Note that al of this holds even if S'sdynamicsis stochastic, and/or S's state is never deterministi-

cally fixed to greater precision that that of G'.

Generalizing these considerations, we define acomputer’sinput to be amapping IN(.) from U

DUtoa space of inputs, {IN}. Intuitively, it is a partition of 0 (see the appendix). So for exam-
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ple“initialization” of acomputer as conventionally conceived, which setsthet = O state of aphys-
ical system underlying the computer, issimply a special case. In that special case, the value taken
by the input mapping differsfor Uand U if thet = O state of the computer input portion of the uni-
verse, as specified by U, differs from the t = O state of the computer input portion of the universe
as specified by U'. Similarly, we can define a computer’s output to be a mapping OUT(.) from U
00U to a space of outputs, {OUT}. In such an output partition, the particular element labels
{OUT} consist of all pairs{ OUT, J Q, OUT, L A(OUT)}, for some Q and associated A(.).

A physical computer then is simply the double of an input partition and an associated output
partition. We say that OUT is the “question posed to the computer”, and OUT,, is “the com-
puter’s answer”. As considered in this paper, al that computation amounts to is the delineation of
the logical implications for which element(s) of the output partition contain G given that a partic-
ular provided input partition element contains 0. Intuitively, a computer is a set of question-
answer pairs (outputs) together away of choosing among those paris (inputs). We are interested in
whether the element of the output partition induced by a particular input correctly describes the
universe, as restricted by that input. So in particular, we are not considering counter-factual “com-
putation” involving premises that conflict with the actual state of the universe.

The definition of a physical computer presented here is broader than computers that work by
the process outlined in Ex. 1. A physical computer does not require that an input always implies
only a single answer, for example. In addition, the computer in Ex. 1 has the laws of physics
explicitly built into its “program”. But our definition allows other kinds of “programs’ as well.
Our definition also allows other kinds of information input to the computer besides g and aregion
R (which together with T constitute the inputs in that example above). We will only need to
require that there be some t = O state of the computer that, by accident or by design, induces the
correct prediction at t = 1. This means we do not even require that the computer’sinitial state IN
“accurately describes’ the t = 0 external universe in any meaningful sense. Our generalization of
Ex. 1 preserves analogues of the grids G (in Q(.)), G" (in IN(.)) and G (in OUT(.)), but not of the
gridG'.



In fact, since the partition IN(.) can reflect any attribute of U, it need not even involve thet = 0
state of the physical computer. In other words, as we use the terms here, the computer’s “input”
need not be specified in somet = 0 state of a physical device. Indeed, our definition does not even
explicitly delineate the particular physical system within the universe that we identify with the
computer. (A physical computer is smply an input partition together with an output partition.)
This means we can even choose to have the entire universe “be the computer” (see Sect. 4).

Asanother example of the freedom to extend Ex. 1, note that in practice we may want to phys-
ically couple our computer to the external universe, for example via an observation apparatus that
initializes the computer’s inputs so that they reflect information about the system being predicted.
Such a coupling would be reflected in U. If we wish though, we can exploit the freedom in its def-
inition to modify the input mapping, in such a way that it too directly reflects this kind of cou-
pling. For example, under the proposed modification, if we want the input section of the
computer’s underlying physical system to be abit b, that equalsthet = -1 state of some bit b, con-
cerning the external universe, then we could have IN( U) = IN(b4(ug), bo(u.1)) = by(ug) if by(ug)
= by(u_1), and have it equal a specia “input error” value otherwise. If we do have a physical cou-
pling mechanism, and if that mechanism is reliable — something reflected in U— then this third
setting will never occur, and we can ignore it. However use of thismodified IN alows us to avoid
explicitly identifying such a mechanism and simply presume its existence. So long as the third
setting never occurs, we can analyze the system as though it had such a (reliable) physical cou-
pling mechanism.

We can also modify Ex. 1 in other ways that do not involve input. For example, we can have S
be open (or perhaps even be the entire universe). We can also have the computer observe the sys-
tem being predicted after initialization (so that that initialization only serves to specify what
should be observed). This is one of the major reasons why we do not require that the value IN
uniquely fixes OUT,( U), to not preclude the possibility of OUT,, being based on observations of
the external world that occur after the setting of the computer’s input. (Other reasons for not hav-

ing IN fix OUT arise in the context of weak predictability; see the discussion in the appendix
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preceding Ex. 2.) Other examples of how to modify Ex. 1 are presented below in the discussion of
retrodiction and control.

We will sometimes find it useful to consider a copy of a particular computer C = (IN, OUT).
Thisis any computer C' = (IN', OUT") where {IN'} = {IN}, {OUT} = {OUT}, and the (set-val-
ued) function of all outputs that are possible given a particular input is the same for both comput-
ers. In other words, the logical implications relating values of IN' and OUT' are the same as those
relating values IN and OUT, so that both computers have the same input-output mapping. As a
particular example, if ascientist at a particular time (i.e., acomputer) C in some space Uistrans
formed into acopy C'in some LAJ there is no way that (s)he can ascertain that that transformation
has occurred. The two scientists interpret their input as the same question and in response provide
the same answer (an answer generated via prediction and/or observation — see the discussion
below Thm. 2).

Consider again the computer in Ex. 1. Recall that if the initialization time O, question time T,
and/or output time T are changed, then in general the partitions IN and/or OUT may change. Soin
particular, the time-translated version of a computer C differs from C, in genera. However the
“time-trandlated version of C” isacopy of C (or at least it makes sense to define the term that way,
so long as the laws of physics are time-trandlation invariant). Similarly, a spatially-transated ver-
sion of Cisonly acopy of Cin general, rather than identically equal to C. So formally speaking,
the sequence of computations the box on your desk makes over a period of a month is a set of

physical computers, all copies of one another, applied to the same .

ii) Intelligible computation and distinguishable computers

Consider a conventional physical computer, consisting of an underlying physical system
whoset = 0 state sets IN( U ) and whose state at time T sets OUT( U ), asin Ex. 1. We wish to ana-
lyze whether the physical system underlying that computer can calculate the future sufficiently
quickly. In doing so, we do not want to allow any of the “computational load” of the calculation to

be “hidden” in the mappings IN(.) and OUT(.) by which we interpret the underlying physical sys-
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tem’s state, thereby lessening the computational load on that underlying physical system. Stated
differently, we wish both the input and the output corresponding to any state of the underlying
physical system to be “immediately and readily intelligible”, rather than requiring non-trivial sub-
sequent computing before it can be interpreted. As will be seen in our formalization of this
requirement, it is equivalent to stipulating that our computer be flexible enough that there are no
restrictions on the possible questions one can pose to it.

One way to formalize thisintelligibility constraint would entail imposing capabilities for self-
reference onto our computer. This has the magjor disadvantage of restricting the set of physical
computers under consideration. As an alternative, to formalize the notion that a computer’s inputs
and outputs be “intelligible”, here we consider universes having another computer which can con-
sider the first one. We then require that that second computer be able to directly pose binary ques-
tions about whether the first computer’s prediction correctly corresponds to reality, without
relying on any intervening “trandational” computer to interpret that first computer. (Note that
nothing is being said about whether such a question can be correctly answered by the second
computer, smply whether it can be posed to that computer.) So we wish to be able to ask if that
output is one particular value, whether it is another particular value, whether it is one of a certain
set of values, etc. Intuitively, this means that the set Q for the second computer must contain
binary functions of OUT(.) of the first computer. Finally, we also require that the second computer
be similarly intelligible to the first one.

These two requirements are how we impose the intuitive requirement that both computers be
“readily intelligible” as predictions concerning reality; they must be readily intelligible and
checkable to each other. More precisely, define anintelligibility function for any LAJ-partiti onTtto
be a binary-valued function of the elements of that partition. (We call a set of such functions an
intelligibility set.) If the set of questions we can pose to acomputer C includes all such functions,
we say that Ttisintelligible to C. For such a case, C can have posed any question concerning the
universe as measured on 1t This flexibility in C ensures that C's output partition isn't “rigged

ahead of time” in favor of some particular question concerning 1t The obvious modifications are
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assumed if we talk about Ttbeing intelligible to C with respect to some intelligibility set F.

More prosaically, to motivate intelligibility we can simply note that we wish to be able to pose
to C1 any prediction question we can formulate. In particular, this means we wish to be able to
pose to C! any questions concerning well-defined aspects of the future state of C2. Now consider
having C? be a conventional computer based on an underlying physical system. Then we want to
be able to predict C?s output at time T as OUTz(uT). Therefore in addition to any other questions
we might want to be able to pose to it, we want to be able to pose to C! questions involving the
value OUT?(u,) (e.g., is that value equal to some x;? to some x; or x,? to that X, or some other
X3? etc.). We want C! to “understand” OUT? suffici ently well to be able to pose binary-valued
questions concerning it. Thisis equivalent to requiring intelligibility.

A problem with this definition of intelligibility is that one can prove there cannot be a com-
puter to which one can even pose all possible questions concerning the physical world. (Thisis
established formally as Thm. 1 in the appendix.) The problem arises when we try to pose intelligi-
bility functions concerning the computer C’s output partition to C itself. Intuitively, it is not possi-
blefor the set of C's question partitions to include the (larger) set of all binary-valued functions of
those partitions.

To circumvent this problem, from now on we implicitly redefine intelligibility functions con-
cerning output partitions to be question-independent, i.e., to not depend on the precise question
encoded in OUT, only on the answer component. Intuitively, restricting ourselves to these kinds of
intelligibility functions means we are only requiring that the predicted partition label of one phys-
ical computer be directly readable on the other computer’s input, not that the full partition of the
first computer’s question also be directly readable. Given the restriction to such question-indepen-
dent intelligibility functions, we say that two physical computers C* and C?are mutually intelli-
gible if the output partition of C?isintelligible to C! and vice-versa.

Formally speaking, to make sure that the ranges of intelligibility functions match up with
those of output partitions when working with question-independent intelligibility functions, often

we should consider the full prediction partition, OUT o( u)= (A(OUT( U), OUT4( U)), rather
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than just OUT ( U ). For example, this is the case in the formal definitions of weak and strong
predictability (see the appendix). For pedagogical simplicity though, we will often just refer to the
“computer’s answer” or the “computer’s prediction” rather than explicitly state whether we mean
OUT ,. As always, such formal concerns are dealt with in full in the appendix.

Finally, our unpredictability results will rely on our two physical computers being distinct
from one another. They must not be so intertwined that how we can initialize one of them is deter-
mined by how we initialize the other. More formally, just as we require that al input values IN [
{IN} are physicaly realizable states of a single physical computer, so all pairs of the two com-
puter’s inputs values must be physically realizable states of the two physical computers. When
thisis the case for we say that the computers are pairwise (input) distinguishable. When thisis
the case for each pair of a set of computers, we say that the set is pairwise-distinguishable, and
when it is possible to have any joint combination of the input values of all members of the set we

say we have full distinguishability.

iii) Predictable computation

We can now formalize the concept of a physical computer’s “making a correct prediction”
concerning another computer’s future state. We say that a O-partition Tisweakly predictable to
C if two conditions hold. First, T must be intelligible to C. Second, for every intelligibility func-
tion concerning T, f, JIN O {IN} that weakly inducesf, i.e., avalue IN such that IN( ,l\,l) = IN
forces the prediction to equal f( U). We will say acomputer C' with output OUT'(.) isweakly pre-
dictable to another computer C, and write C > C', if the answer partition of C' is weakly predict-
ableto C. If wejust say “predictable’ it will be assumed that we mean weak predictability.

See the variants of Ex. 2 in the appendix for illustrations of weakly predictable sets of comput-
ers. These demonstrate, among other things, that the “>" relation need not be transitive. In fact,
even if some C! could predict C?s input simultaneously with predicting C?'s answer, it still
would not follow that C! can predict Ttjust because C? can. Thisis because C! has no ability to set

its input to have IN? be one of the values involved in C?'s predicting Tt (Strong predictability,
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introduced below, rectifiesthis.)

This definition of predictable is not strong at all. It doesn’t require that there be a sense in
which the information input to C is interpretable as a description of the external universe. (This
freedom is what allows us to avoid formalizing the concept of whether some input does or does
not “correctly describe” the external universe.) Indeed, we don’t even require that OUT ¢( u)=q.
Even if the computer gets confused about what question it's answering, we give it credit if it
comes up with the correct answer to our question. In addition, consider some intelligibility func-
tion f and associated IN. Then recall that we do not even forbid the possibility of two U's that are
both consistent with that IN and that both obey OUT ( U) = f( U), but that nonetheless have dif-
ferent OUT 4 ( U). (Accordingly, lack of predictability implies merely that for some f a correct
answer cannot be guaranteed, rather than that a wrong answer is assured.)

Furthermore, while motivated by the task of predicting the future, the definition of weak pre-
dictability presented here is broader, concerning any computation that can be cast in terms of
inputs, questions about the universe, and associated answers. Accordingly, no timeslikeO, tor T
occur in the definition of ‘predictable’ or in any of the terms going into that definition. Even when
there istemporal ordering of inputs, outputs, and the prediction involved in the computation, they
need not have T > 1 > 0. We could just aseasily have T <t <0or even T <0 < 1. So the results
presented below will establish the uncomputability of the past as well as of the future. They aso
can be viewed as establishing the fallibility of any observation apparatus and of any control appa-
ratus. These points will be returned to below.

Finally, it is important to realize that the requirement of intelligibility can be removed from
the definition of predictability, and many of the results presented below will still hold (e.g., Thm.
2 will still hold). That requirement can be helpful in extensions of this paper’s analysis however,
and certainly seems “natural”. Hence itsinclusion in our definition. See the discussion leading up

to Def. 4 in the appendix for more discussion of this point.
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2. THE UNPREDICTABILITY OF THE FUTURE

i) Theimpossibility of assuredly correct prediction

Even if we can pose all the questions in some set to a computer, that says nothing about
whether by appropriate choice of input the computer can always be assured of correctly answer-
ing any question from that set. In fact, even if we restrict attention to question-independent intelli-
gibility sets, no physical computer can be assuredly correct in its predictions concerning the
future.

Whereas the impossibility expressed by Thm. 1 follows from cardinality arguments and the
power set nature of intelligibility sets, the impossibility of assuredly correct prediction follows
from the presence of the negation operator in a (question-independent) intelligibility set. As an
example of the logic underlying the proof, consider apair of computers predicting the future asin
Ex. 1. Have both of the computers have answer subsections that are binary and have initialization
time 0 and question time 1. Have one of the two computers predict the other’s output bit and then
halt and freeze its output at some time previous T < T, whereas that other computer predicts the
negation of the first one's output bit just before it too halts. Since both computers’ output calcula
tions must halt by 1, they will contradict each other when the prediction time arrives. Therefore
they cannot both be correct in their predictions.

This kind of reasoning can be extended to apply to any pair of physical computers, not just
ones that work asin Ex. 1. For example, no “halting and freezing” is required in general. (Indeed,
in practice C cannot guarantee that its output will be frozen with a particular output value that
does not change until after sometime T, sinceit isaways possible that an outside system comesin
and perturbs C.) EventhetimesO, 1, and T are superfluous. Thisisformally stated in the follow-

ing theorem:

Theorem 2: Consider any pair of distinguishable physical computers{Ci c1=1,2}. Itisnot pos-
sible that both C! > C? and C! < C2.
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It should be emphasized that Thm. 2 holds no matter how large and powerful our computers
are; it even holds if the “physical system underlying” one or both of our computers is the whole
universe. It also holdsif instead C? isthe rest of the physical universe external to C. Asa particu-
lar instance of this latter case, the theorem holds even if C! and C? are physically isolated from
each other [0t > 0. (Results similar to Thm. 2 that rely on physical coupling between the comput-
ersare presented in [33].)

Rather than viewing it as imposing limits on computers, Thm. 2 can instead be viewed as
imposing limits on the computational capabilities of the universe as a whole. From this perspec-
tive that theorem establishes that the universe cannot support parallel computation in which all the
nodes are sufficiently powerful to correctly predict each other’s behavior. In addition, it is possible
to generalize this paper’s formalism to stochastic universes and/or computers. In that extension
Thm. 2 takes the form of saying it isimpossible for the probability of correct prediction for two
computers to both equal 1. An open question is what the highest € is such that two computers can
simultaneously have it as their probability of correct prediction. (See discussion in the appendix

just before Lemmal.)

ii) Implicationsof Thm. 2

Let C be a computer supposedly capable of correctly predicting the future of any system S if
information concerning the initial state of Sis provided to C, asin Ex. 1 above. Assumethat Cis
not so powerful that the universe isincapable of supporting a copy of Cin addition to the original .
(Thisiscertainly true of any C conceivably built by humans — seethe formal definition of a copy
of aphysical computer in Def. 3 in the appendix.) Have S be such a copy of C. We assume that for
any pair of t = 0 input values for C, there is at least one world-line of the universe in which C's
input is one of those values and the other value constitutes the input of C's copy (i.e., we have
input-distinguishability).

Applying Thm. 1 to our two computers, we see that thereisafiniteintelligibility set that is not
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intelligible to C, i.e., there are questions concerning an S that cannot even be posed to C. (More
formally, there is either such aset for C or for its copy, S.) In addition, by Thm. 2, thereis afinite
guestion-independent (and therefore potentially pose-able) intelligibility set concerning S that is
not predictable to C. In other words, there must be a question-independent intelligibility function
concerning Sthat C predicts incorrectly, no matter what the input to C.

The binary partition over Ut induced by this unpredictable intelligibility function constitutes a
guestion concerning the time T state of S. In addition every one of the set of potential inputsto C
corresponds to a subset of Uy, and therefore corresponds to a subset of the possible states of C's
“input section” at time 0. (In Ex. 1, IN(.) is set up so that every element in {IN} corresponds to
one and only one state of C’'sinput section at time 0.) Similarly, every output of C corresponds to
a subset of U, and therefore a subset of the possible states of C's “output section” at time T.
Accordingly, our result means that there is no input to C at time O that will result in C's output at
time 1 having the correct answer to our question concerning thetime T stateof S. For 0< 1 < T,
this congtitutes a formal proof that no computer can predict the future faster than it occurs. (Or
more precisely, that the universe cannot support more than one copy of such a computer.)

This means, in essence, that Laplace was wrong: even if the universe were a giant clock, he
would not have been able to reliably predict the universe's future state before it occurred. Viewed
differently, Thm. 2 meansthat regardless of noise levels and the dimensions and other characteris-
tics of the underlying attractors of the physical dynamics of various, there cannot be atime-series
prediction algorithm [9] that is always correct in its prediction of the future state of such systems.

Note that there is no requirement that the initialization time, question time, and/or output time
of the computer S's partitions equal O, T, and T respectively, the values they havefor C. All that is
required is that this S be a copy of C. In particular the possibility is allowed that S is a temporal
trandation of C, either forward or backward in time.

In addition, as mentioned previously, the result a so holds when the initiaization timeis 0 and
the output timeis some 1 > 0, but the question time T < 1. In other words, the computer can run an

arbitrarily long time past T and still must make mistakes. Perhaps more surprisingly, the result
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still holdsif not only is T < T, but in addition T < 0. In this case the result denies the possibility of
assuredly correct “prediction” of what occurred in the time preceding initialization. Intuitively
speaking, memory is just as fallible as predicting the future. This should not be surprising. After
all, no temporally asymmetric law like the second law arisesin our analysis, so al the results must
be time-symmetric. In fact, the temporally (a)symmetric nature of the laws of the universe are
irrelevant to Thm. 2 — that theorem treats the entire universe’'s world-line as a single entity.

In opposition to this formal proof of the necessary fallibility of retrodiction, oneis tempted to
argue that no contradiction results if | ask two computers to record each others past states, only
with one of them negated (to try to follow along with the proof of Thm. 2). So the claim that Thm.
2 still holds for T < 0 can’t be true, it wold appear, and infallible retrodiction is allowed. To
resolve the conflict between this intuitive argument and the explicitly T-independent nature of the
proof of Thm. 2, note that Thm. 2 only says that there is some recording at which the computer
must fail. The set of all such retrodictions encompasses many that are quite complicated. In par-
ticular, the liar's paradox at the heart of Thm. 2 will arise when the recordings concern the
dynamic pre-images of those future states that establish the fallibility of prediction the future.

To illustrate this in more detail, first note that if two computers are physically isolated from
each other for all time, there is no way each can reliably record the others' past state. So our two
putative retrodicting computers must be physically coupled, and therefore must be open systems.
Now consider a conventional digital version of such a computer, C, whose output partition ele-
ments are labelled by thet = 1 states of its output bits. So each possible output of C isthe set of all
possible states of the entire universe that are consistent with some particular t = t pattern of C's
output bits. Call such a set, of all possible states consistent with the pattern of C's output bits at
time 1, “aligned” with that pattern / time pair. In general, since C is open, a set of states that are
aligned with an output pattern of C's at time t will not dynamically map to a set that is aligned
with those bits at an earlier time T < 0. (Instead, generically, the temporal projection of those
states back in time will be consistent with multiple output patterns over C at that earlier time, with

each such pattern accompanied by only a proper subset of all possible associated states of the
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external universe.) In the language of Ex. 1, while G"'( U; ) is defined purely in terms of thet =t
state of C’s output bits, this need not be the case for G"'( Ui ).

So to induce the liar's paradox we pose to S a question concerning t = T that does not concern
some set of states aligned with C’'s output bits at that time. Rather the question we pose concerns
the pre-images (over U) of the individual t = T U-space partition elements that index C'st = t out-
puts. The same is true for the computer C’s retrodiction concerning S. It is these kinds of ques-
tions that establish the fallibility of retrodiction.

While these results concerning both prediction and retrodiction hold if C and S are isolated
from one another (1t > 0, they also hold if C and S are coupled at such times. Indeed, they hold no
matter what the form of such coupling. So in particular, we can have the coupling consist of C's
“observing” some aspect of S. As an example, in a conventional observation experiment, what
variable in Sis observed at time T is determined by characteristics of the experimental apparatus
at that time. In other words, it is determined by certain characteristics of u(t), i.e., by certain char-
acteristics of G, i.e. by where Uisina particular partition over 0. Each element in that partition
corresponds to a different variable to be observed, i.e., to adifferent question. So in such conven-
tional observation, there is an implicit question-valued partition of 0. The “ observation” consists
of providing an answer to some associated question. In other words, in conventional observation
the choice of what to observe, together with the resultant observation, constitutes an output parti-
tion. The input partition initializing the experiment then is away of forcing (a U which gives) an
output partition with the desired question, hopefully also having the correct associated answer.
(Note that in this interpretation of a physical computer as an observation device, its input will in
genera not uniquely fix its output answer, unlike the case with prediction discussed in Ex. 1.)

So observation is simply an instance of physical computation. As aresult, Thm. 2 establishes
the impossibility of adevice C that can, infallibly, take any specification of some characteristic of
the universe as input, and then observe the value of that characteristic. This impossibility holds
independent of considerations of light-cones and the like, and in fact holds just as well in a uni-
verse with ¢ = o as it does in ours. (Alternatively, the time at which the characteristic is to be
observed can be specified in the computer’s input, and therefore can be far enough into the future

so that the light-cone emanating from the setting of that input can intersect with that of the charac-
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teristic being observed.) In all this, Thm. 2 establishes that any putative general-purpose observa-
tion apparatus must, for some system to be observed, make a mistake in its claimed observation of
that system.

This unobservability constitutes a sort of non-quantum-mechanical “uncertainly principle’.
Just like the Copenhagen version of the quantum mechanics uncertainty principle, the physica
computation uncertainty principle relies on having an “intelligent” system perform the observa-
tion. In contrast to the quantum mechanics case however, in the physical computation version of
the uncertainty principle, such an “intelligent observational system” is given a formal definition
(asaphysical computer).

There is nothing in the math that forces C to play a “passive observational role” in the cou-
pling with S. So we can just aswell view Thm. 2 as establishing the impossibility of an apparatus
capable of ensuring that there is no discrepancy between a value in its “answer section” and an
associated characteristic of a system S external to C. (Note also that while weak predictability
does not require that IN fixes the value of OUT,, independent of S, nor does it forbid IN to fix
OUT; it only requires that OUT correctly answers the associated question concerning S.)
Accordingly, there is no such thing as a general-purpose controller that works perfectly, in al sit-
uations.

These impossibility results hold even if one tries to have the input to the computer explicitly
contain the correct value of the prediction or observation. (Note that since the universe is single-
valued and deterministic, such a value must exist.) Impossibility also obtains if the input is sto-

chastic, sinceit holds for each input value individually.

3. THEMATHEMATICAL STRUCTURE RELATING PHYSICAL COMPUTERS

There is a rich mathematical structure governing the possible predictability relationships
among sets of physical computers, especialy if one relaxes the presumption that they are pairwise

input-distinguishable. This section presents some of that structure.
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i) Thegraphical structure over a set of computersinduced by weak predictability

Thm. 2 directly addresses predictability relations within pairwise-distinguishable sets of mul-
tiple computers. However one can also use it to derive results for the predictability relationships
within other types of sets of computers. For example, consider aset of n physical computers { Ci}
such that C1 > C?> ... > C"> CL If that set is only pairwise-distinguishable, we can have C! > C?
> ...> C" but not have C1 > C". (See Ex. 2" in the appendix.) So it would seem that Thm. 2 does
not preclude having C" > C1, i.e., does not preclude predictability cycles. However thisis not the
case if one considers sets that are more than just pairwise distinguishable. An example is the fol-

lowing corollary of Thm. 2:

Corollary 2: Itisnot possible to have a (fully) distinguishable set of n physical computers { Ci}

suchthat C1>C?2>...>Cc">cl

What are the general conditions under which two computers can be predictable to one
another? By Thm. 2, we know they aren't if they’re input-distinguishable. What about if they're
one and the same? No physical computer is input-distinguishable from itself, so Thm. 2 doesn’t

apply to thisissue. However it still turns out that Thm. 2's implication holds:

Theorem 3: No physical computer is predictable to itself.

Intuitively, this result follows from the fact that a computer cannot make as its prediction the
logical inverse of its prediction. An important corollary of this result is that no output partition,
considered in isolation of any input partition, is predictable to a physical computer that has that
output partition. Combining Thm. 3 and Coroll. 2 and identifying the predictability relationship
with an edge in a graph, we see that fully distinguishable sets of physical computers constitute

(unions of) directed acyclic graphs. The allowed graphical structure of other kinds of sets (e.g.,
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pai rwise-distinguishable ones) is not well-understood at present.

i) God computers, omniscience, and variants of error correction

When considering sets of more than two computers, it is important to realize that while it is
symmetric, the input-distinguishability relation need not be transitive. Accordingly, separate pair-
wise distinguishable sets of computers may partially “overlap” one another. Similarly, stipulating
the values of the inputs of any two computers in a pairwise-distinguishable set may force some of
the other computersin that set to have a particular input value.

Coroll. 2 does not apply to a pairwise-distinguishable set. To analyze such sets, define a god
computer to be any physical computer in a pairwise distinguishable set such that all other physi-
cal computersin that set are predictable to the god computer. By Thm. 2, each such set can con-
tain at most one god computer. There is at most one computer in any pairwise distinguishable set
that can correctly predict the future of all other members of that set, and more generally at most
one that can accurately predict the past of, observe, and/or control any system in that set.

Even a god computer may not be able to correctly predict all other computersin its pairwise
distinguishable set simultaneously. The input value it needs to adopt to correctly predict some C?
may preclude it from correctly predicting some C2 and vice-versa. One way to analyze this issue
isto consider acomposite partition OUT2*3 defined by the output partitions of C2 and C3. We can
then investigate whether and when our god computer can weakly predict the composite output
partition. To that end, define a computer C* in a set of pairwise-distinguishable computers { C1,
C?, ..} to be omniscient if the composite output partition OUT2*3* is predictable to CL. It is
straight-forward to verify that an omniscient computer is a god computer.

Now in general, one might presume that two non-god computers in a pairwise-distinguishable
set could have the property that, while individually they cannot predict everything, considered
jointly they would constitute a god computer, if only they could work cooperatively. An example
of such cooperativity would be having one of the computers predict when the other one's predic-

tion iswrong. It turns out though that under some circumstances the mere presence of some other
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computer in that pairwise distinguishable set may make such error-correction impossible, if that
other computer is omniscient.

As an example of this, say we have three pair-wise distinguishable computers C, C2, C3,
where C3 always answers with a bit (i.e., 1g> 0 OUT® such that A(q®) [ B). We want C?'s out-
put to “correct” C¥'s predictions, and also have those predictions made by C2 (potentially) con-
cern CL. So have C! beintelligible to C3. Then it turns out that due to Thm. 2, if C! is omniscient,
it is not possible that C? always correctly outputs a bit saying whether C%s answer is the correct
response to C®s guestion. Thisis stated formally (and then derived) as Corollary 3 in the appen-
dix. This result even holdsif OUT?*3 is only intelligible to C1, without necessarily being predict-
abletoit.

Coroll. 3 can be viewed as a restriction on the efficacy of any error correction scheme in the
presence of a (distinguishable) omniscient computer. There are other restrictions that hold evenin
the absence of such athird computer. An example arisesif we consider two distinguishable mutu-
aly intelligible physical computers C* and C?, where both A(OUT?;) 0 B and A(QUTZ)) OB [
OUT!, 0{0UT",} and OUT?, 0 {OUTZ}. For such computers, it turns out that Thm. 2 means
that it isimpossible for C and C?tobe* anti-predictable” to each other, in the sense that for each
of them, the prediction they make concerning the state of the other can always be made to be

wrong by appropriate choice of input. Thisis proven as Corollary 4 in the appendix.

iii) Physical computation analogues of Turing Machines

There are several ways that one can relate the mathematical structure of physical computation
to that of conventional computer science. Here we sketch the salient concepts for one such rela-
tion coupling physical computation and the mathematical structure governing Turing machines
(TMs).

A TM is a device that takes in an input string on an input tape, then based on it produces
asequence of output strings, either “halting” at some time with a final output string (when an

internal “halt” state is entered), or never halting. As an alternative, the fact that the halt state has/
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hasn’'t been entered by any time can be reflected in a special associated pattern in the output
string, in which case the sequence of output strings can always be taken to be infinite. As expli-
cated above, in the real world inputs and (sequences of) outputs are elements of partitions of 0.
So in onetrandation of TMsto physical computers, strings on tapes are replaced with elements of
the partitions IN(.) and OUT(.). In the most natural way of doing this, { OUT} consistsof asingle
partition g that isidentical to the input partition, with A(OUT ) being the set of all strings. Having
OuUT( U ) specify both IN and a is analogous to the conventional way of implementing reversible
computation [2-6].

Rather than through a set of internal states, read/write operations, state-transition rules, etc.,
the transformation of inputs to outputsin a physical computer is achieved simply through the def-
inition of the pair of an associated input partition and output partition. For a TM that declaresin
its output string whether it has halted, the physical computation analogue of whether a computa-
tion will ever halt is simply whether Uisin some special subset of { OUT}. Although not formally
required, inthereal world IN(.) and OUT(.) usually differ. In thisthey are analogousto TM’swith
multiple tapes rather than conventiona single-tape TMs.

An aternative to identifying the full output partition of a physical computer with a TM’s out-
put tape, motivated by the definition of predictability, is to identify the coarser partition u -
OUT 4( U ) with a TM’s output tape (or more precisely the partition u - OUT u ) =
(A(OUT4( U), OUT4( U)) with a TM’s output tape — cf. the definition of “prediction partition”
in the appendix). Using this question-independent structure is loosely analogous to a TM’s being
able to overwrite the “question” originally posed on its tape when producing its “answer” on that
tape. We will adopt this identification from now on, identifying the physical computation ana-
logue of aTM as an input partition together with the answer component of an output partition.

Thisidentification motivates several analogues of the Halting theorem. Since whether a partic-
ular physical computer C? “halts” or not can be translated into whether its output isin a particular
region, the question of whether C? hdtsis a particular intelligibility function of c2 Correctly

answering the question of whether C? halts means predicting that intelligibility function of C2. In
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the context of physical computation it is natural to broaden the issue to concern al intelligibility
functions of C2. Accordi ngly, in this analogue of the claim resolved for TM’s (in the negative) by
the Halting theorem, one asksiif it is possible to construct a physical computer C* that can predict
any computer C2. To answer this, simply consider the case where C? is a copy of CL. By applying
Thm.s 2, 3 and 6 to this case, one sees that the answer is no, in agreement with the Halting theo-
rem. (See also Coroll. 4.)

There exist a number of alternative physical computer analogues of the Halting problem.
Though not pursued at length here, it isworth briefly presenting one such alternative. Thisalterna-
tive is motivated by arguing that, in the real world, one is not interested so much in whether the
computation will ever “halt”, but rather whether the associated output (say conventionally “read”
at some pre-fixed time) is“correct”. If we take “correct” to be relative to a particular question, this
motivates the following alternative analogue of the Halting theorem: Given any set of physical
computer { C'}, there is no member of that set C such that for every C' 0 {C'}, (i) C' isintelligible
to C; and (ii) for all questions g’ L { OUT"y}, thereis an IN value which induces C to answer with

alif and only if the answer of C'to q' iscorrect. See Theorem 4 in the appendix.

iv) Strong predictability

At the other end of the spectrum from distinguishable computers is the case where one com-
puter’s input can fix another’s, by being observed by that other computer (or perhaps even by set-
ting that other computer’s input more directly). It is when such relationships hold that physical
computation analogues of various members of the Chomsky hierarchy, and particularly Turing
machines, arise.

To capture such a relationship, we say that a computer C?is strongly predictable to C* (or
equivalently that C* can strongly predict C?), and write C1 >> C? (or equivalently C? << C) if
two conditions hold. First, C? must be intelligible to C. Second, for every intelligibility function
concerning C?, f, and for every IN2, OIN? 0 {INY} that strongly inducesthe pair (f, IN?). That is,
there exists a value of IN® such that IN}( u) = IN? forces OUT!,( 1) to equal (A(f), f( U)) and
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reflects the fact that IN?( ) = IN? (or alternatively, forces it to be the case that IN( U) = IN?).

If C* can strongly predict C?, then for any IN? and associated answer OUT2, — for any com-
putation C2 might undertake — there is an input to C! that is uniquely associated with IN? and
that causes C! to output (any desired question-independent intelligibility function of) the associ-
ated OUTZ. By also ensuring that IN( U) = IN2, we ensure that C1 is outputting CZ's conclusion
for the desired premise, IN. Intuitively, there is some invertible “translating” map that takes C%'s
input and “encodes’ it in Cl's input, in such a way that C* can “emulate” C? runni ng on C?s
input, and thereby produce C?'s associated output. In this way C! can emulate C2, much like uni-
versal Turing machines can emulate other Turing machines. (See the definition of a universal
physical computer below.)

Strong predictability of acomputer implies weak predictability of that computer. (Unlike with
weak predictability, there is no such thing as strong predictability of a partition.) So results con-
cerning weak predictability that are not predicated on input distinguishability (which is impossi-
ble for strong predictability) still hold if they are changed by replacing weak predictability with
strong predictability. Thisincludesin particular Thm. 3 and Coroll. 2 (but not Thm. 2).

Wesak predictability does not imply strong predictability however. Moreover, the mathematics
for sets of physical computers some of which are strongly predictable to each other (and therefore
not distinguishable) differsin some respects from that when all the computers are distinguishable
(the usua context for investigations of weak predictability). An example is the following result,

which shows that strong predictability alwaysis transitive, unlike weak predictability.

Theorem 5: Consider three physical computers {CL, C?, C3}, and a partition 11, where both C3
and tareintelligible to C1.
) Cl>>C?>nOci>m

i) ctl>>c?>>c30 cl>> 8

Strong predictability also obeys the following result which is analogous to both Thm.'s 2 and
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Theorem 6: Consider any pair of (not necessarily distinguishable) physical computers { c:i=1,

2}. Itisnot possible that both C1 >> C2 and C1 << C2.

Many of the conditions in the preceding results can be weakened and the associated conclu-
sions till hold (e.g., we can weaken the restriction that intelligibility functions have image space
[0 B.) These weakened version are usually more obscure though, which is why they are not pre-
sented here.

A TM T can emulate a TM T2 if for any input for T2, T* produces the same output as T2
when given an appropriately modified version of that input. (Typically, the “modification”
involves pre-pending an encoding of T? to that input.) The analogous concept for a physical com-
puter is strong predictability; one physical computer can “emulate” another (not distinguishable,
in general) computer if it can strongly predict that other one. Intuitively, the two components of
Tl 's emulating T2, involving T?s input and its computational behavior, respectively, correspond
to the two components of the requirement concerning IN* values that occur in the definition of
strong predictability. The requirement that the IN? value forces the answer of OUT? to equal that
of any intelligibility function for C?isana ogous to encoding (the computational behavior of) the
TM T2 in astring provided to the emulating TM, TL. Requiring as well that the value IN? ensures
that IN2( U ) = IN? is analogous to also including an “appropriately modified” version of T2's
input in the string provided to T*. (Note that any mapping taking IN? O {IN?} to an IN* that in
turn induces that starting IN? is invertible, by construction.) This motivates the following defini-

tion of the analogue of a universal TM:

Definition 9: A universal physical computer for a set of physical computers is a member of that

set that can strongly predict all other members of that set.
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Note that rather than reproduce the output of a computer it is strongly predicting, a universal
physical computer produces the value of an intelligibility function applied to that output. This
allows the computers in our set to have different output spaces from the universal physical com-
puter. However it contrasts with the situation with conventional TM’s, being a generalization of

such TM's.

v) Prediction complexity

In computer science theory, given auniversal TM T, the algorithmic complexity of an output
string s is defined as the length of the smallest input string S’ that when input to T produces s as
output. To construct our physical computation analogue of this, we need to define the “length” of
an input region of a physical computer. To do this, given any computer C and partition 1t of lAJ
define a (weak) prediction input set as a minimal subset of IN values needed for C to weakly
induce all intelligibility functions of Tt

Intuitively, the prediction set of C for 1/ C'isaminimal subset of {IN} that is needed by C for
1t/ C' to be predictable to C. In the case of strong prediction, we provide the associated definition
the extra flexibility of being able to restrict what intelligibility functions are being considered.

Next, to define the physical computation analogue of the length of a string, given a computer
C define the length of a subset of in O IN as the negative logarithm of the volume of all a0 0
such that IN( U ) O in. We write thisas I (in). Then the prediction complexity of some partition Tt
is the minimal such length over the set C1(11). We write that complexity as c(1t| C). Note that the
prediction complexity is defined in terms of weak predictability rather than strong; strong predict-
ability arisesin our boundson it.

We are primarily interested in prediction complexities of binary partitions, in particular of the
binary partitions induced by the separate single elements of multi-element partitions. (The binary
partition induced by some particular element p [t ' is just the binary-valued function of U of
whether or not Tt( U ) = p.) To see what our definitions mean for such a partition, say you are

given some set ¢ [ 0 (i.e., you are given abinary partition of lAJ). Suppose further that you wish
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to know whether the universe isin g, and you have some computer C to use to answer (all four
intelligibility functions of) this question. Then loosely speaking, the prediction complexity of o
with respect to C is the minima amount of Shannon information that must be imposed in C's
inputsin order to be assured that C's output correctly answers that question. In particular, if o cor-
responds to a potential future state of some system S external to C, then c(o | C) is a measure of
how difficult it is for C to predict that future state of S.2 Loosely speaking, the more sensitively
that future state depends on current conditions, the more complex it is

In many situations it will be most natural to choose the measure implicitly defining I(.) to be
uniform over accessible phase space volume, so that the complexity of in is the negative physical
entropy of constraining Uto lieinin. But that need not be the case. For example, we can instead
define the measure so that the volume of each element of the associated {IN} is some arbitrary
positive real number. In this case, the lengths of the elements of {IN} provides us with an arbi-
trary ordering over those elements.

The following example illustrates the connection between lengths of regions in and lengths of

stringsin TM’s:

Example 3: In a conventional computer (see Ex. 1 above), we can define a “partial string” s
(sometimes called a “file”) taking up the beginning of an input section as the set of all “complete
strings’ taking up the entire input section whose beginning is s. We can then identify the input to
the computer as such a partial string in itsinput section. (Typically, there would be a special fixed-
size “length of partial string” region even earlier, at the very beginning of the input section, telling
the computer how much of the complete string to read to get that partial string.) If we append cer-
tain bitsto sto get a new longer input partial string, S, the set of complete strings consistent with
S is a proper subset of the set of complete strings consistent with s. Assuming our volume mea-
sure du is independent of the contents of the “length of partial string” region, this means that I(S)
> (s).

Thisisin accord with the usual definition of the length of a string used in Turing machine theory.
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Indeed, if S’ contains n more bits than does s, then there are 2" times as many complete strings
consistent with s asthere are consistent with s. Accordingly, if we take logarithms to have base 2,
[(S) =1(s) +n.

Say we want our computer to be able to predict whether U lies in some set ©. (To maintain the
analogy with Turing machines, o could delineate an “ output partial string”. This could be done for
example by delineating a particular value of a prediction, perhaps even one in some other com-
puter.) In the usual way, this corresponds to having the binary partition { U, U } beweakly
predictable to our computer. So the prediction complexity of that prediction is the length of the
shortest region of our input space that will weakly induce that prediction. (Note that since we
require that all four intelligibility functions of o be induced, more than one input “partial string”

isrequired for that induction, in general.)

Next, given C together with some other computer C', we need to define a strong prediction
input set of C for thetriple of (C', asubset in' of the input values of C', and asubset f ' of the intel-
ligibility functionsfor C'). Thisisaminimal subset of C's input values needed to strongly induce
every pair (f O f', IN' O in"). Wewill write C(r0) for the set of all prediction input sets of C for T,
and C}(C', i, ") for the set of all strong prediction input sets of C for (C', in’, ).

The fact that OUT , values (cf. the definition of prediction partition in the appendix) specify
the set A(OUT,) makes working with Def.’s 10 and 11 abit messy. In particular, to relate predic-
tion complexity to properties of the associated universal physical computer we must use a set of

“identity” intelligibility functions defined as follows:
Definition 12 (i): Given aspace X [0 B and a physical computer C = (IN, OUT),
{ICX} is the set of al question-independent intelligibility functions of C where A(ICX) =X,

and where O U such that A(OUT( 1)) = X, I%( U) = OUT4( b).

We also will need the following definition:
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Definition 12 (ii): Given aspace X [0 B and a physical computer C = (IN, OUT),
when X isaset “C}(X)” is also a set, defined asthose IN ¥ IN} such that IN( U) =IN O
A(OUTy( ) =X.

So for example, if X = B, apair (IN? 0 [C?"X(X), 12 O {1%4}) isaninput to C? and an intelligi-
bility function of C%s output, respectively. That input IN? induces an associated output question,
q? 0 OUT?,, that takes on (both) B values as one varies over the Uinput toit. Similarly, the intel-
ligibility function | N2x takes on (both) B values as one varies over the inputsto it.

Using these definitions, we now bound how much more complex a partition can appear to Ct
than to C? if C* can strongly predict C2. Though somewhat forbidding in appearance, intuitively,

the bound simply reflects the complexity cost of “encoding” c?incls input.

Theorem 7: Given any partition Ttand physical computers C! and C2 whereCl >> C2> 1t
i) c(m|Ch - c(m|Cd <
In[o(2")] - In[3] +
maX ¢ x o, IN2] 2 74(x), 12, 0{12y 33 | (€Y (C2INL 2] -
min ¢x e, in2p Loy 1TIN?T,
or aternatively,
i) c(m|CY - o(m|C? <
In[o(27M)] +
min ¢x g, IN2D ¢4 Yx), 12,0023 1 (Cl)_l(Cz, IN2 1201 -

min {X0OB., |N2m CZ]_]'(X)} |[ |N2] .

Asonevaries T, in both boundsin Thm. 7 the dependence of the bound on C* and C? does not
change. In addition, those bounds are independent of Ttfor all Ttsharing the same cardinality. Soin

particular they are independent of the precise choice of partition T1so0 long as it is a binary parti-
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tion like those discussed in Ex. 3. In addition, intuitively speaking, the term I[ (C1) (C2, INZ, 1%)
] occurring in both bounds is related to the cost of emulating the one computer on the other. This
illustrates how Thm. 7 is the physical computation analogue of the result in Turing machine the-
ory that the difference in algorithmic complexity of afixed string with respect to two separate Tur-
ing machines is bounded by the complexity of “emulating” the one Turing machine on the other,
independent of the fixed string in question.

Consider the possibility that for the laws of physicsin our universe, there exist partitions IN(.)
and OUT(.) that constitute a universal physical computer C* for all other physical computers that
exist in our universe. Then by Thm. 6, no other computer is similarly universal. Therefore there
exists a unique prediction complexity measure that is applicable to al physical computers in our
universe, namely complexity with respect to C". (This contrasts with the case of algorithmic infor-
mation complexity, where there is an arbitrariness in the choice of the universal TM used.) If
instead there is no universal physical computer in our universe, then every physical computer C
must fail at least once at (strongly) predicting some other physical computer. (Note that unlike the
case with weak predictability considered in Thm. 2, here we aren’t requiring that the universe be

capable of having two distinguishable versions of C.) This establishes the following:

Theorem 8: Either there cannot be computer that strongly predicts all others that exist in our uni-

verse, or there is a unique complexity measure in our universe.

Similar conclusions hold if one restricts attention to a set of (physically localized) conventional
physical computers (cf. Ex. 1), where the light cones in the set are arranged to allow the requisite
information to reach the putative universal physical computer. See also the discussion of realities

below.

4. DISCUSSION
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i) Inwhat sense might reality “be” a computer?

None of the analysisin this paper requires that the possible states of the universe all be charac-
terizable by a single set of very regular patterns encapsulated in some concise “physical laws’.
The results till hold if each U 0 U IS just an arbitrary temporally-indexed collection of events,
with little to no discernible regularity relating those events. Broadening the interpretation further,
whereas in a deterministic universe u(t) uniquely setsall u(t' # t), nothing in our analysisrelies on
having that or any other kind of structure apply to each U. Determinism itself is not needed. In
fact, U can be any kind of set whatsoever, even one whose individual elements cannot reasonably
be viewed as “ collections of events’ (regular or otherwise), and our results still hold.

As mentioned in the introduction, several authors have speculated that the universe and its
physical lawsin some sense are acomputer. In light of the breadth of the possible 0 it isinterest-
ing to consider this issue when “computation” is interpreted to mean a particular physical com-
puter. Under this interpretation, any worldline of the universe specifies a particular OUT value,
and thereby constitutes the calculation of an answer to an associated (perhaps high-dimensional)
guestion. That output isinduced by an input premise that is also embodied in the worldline. Intu-
itively speaking, the input specifies the boundary conditions under which the answer to the ques-
tion is calculated. It also specifies the very question being answered. In particular, for maor
enough changes to the input, in general there has to be a change in that question being answered
by the universe. (Intuitively, the original question is no longer meaningful given a large enough
changeto G.)

Under this scheme the mapping from arbitrary inputs to the associated question / answer pairs
— the computer C — constitutes the laws of the universe. So we do not need elaborate consider-
ations of grammars, formulations of logic, the foundations of mathematical reasoning etc. to
express those laws. Indeed, since we express the laws via a structure itself defined in terms of U
(namely C), the states U and the laws governing them form a self-contained unit.

Formally, we say that a pair ( lAJ C) isareality. Onereality isacopy of another if their com-
puters are copies of each other. If two realities are copies, then their law-providing computers

have identical relationships between their inputs, the questions they associate with those inputs,
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and the answers they provide to those questions. Accordingly, it seems reasonable to identify “a
universe and its laws’ with equivalence classes of copies of redlities.

Say we are given areality ( 0 C). We can calculate for what sets { Ci} of (perhaps non-distin-
guishable) computers the joint output partition OUTY*?* is predictable to C. Label that set of
sets x. For any G, C’'s answer is the value of (an associated intelligibility function of) the outputs
of those{Ci} [k taken all at once. Next, given some in lAJ there is some subset x( ﬁ) Ox of
{C'} that are weakly induced by C's associated input, IN( U ). These, intuitively, are the {C'} that
are both predictable to C and are actually predicted by C for the U at hand. In acertain sensg, if C
isthe “laws’ of the reality, then having OUT2* be predictable to C is aminimal condition for
saying that the computersin {Ci} are “alowed by” or “consistent with” ( lAJ C). Having IN( G)
induce that {Ci} for the U at hand is then aminimal condition for saying that the { Ci} are“red”,
and “exist” in that U (cf. Thm. 8). (It is interesting to speculate on the similarity between having
multiple sets { C'} O ( U ) and the many worlds interpretation of quantum mechanics.)

Note that whether some{Ci} “exists’ is afunction of whether C can correctly predict it for U
other than the single one at hand in some particular instantiation of a reality. This reliance on
counter-factual U to ascribe existence to a{ Ci} reflects the fact that a single G, by itself, contains
no information. Even if U is a collection of high-dimensional real numbers (e.g., a collection of
phase space positions), it has no meaning except in comparison to other such collections.

It may be appropriate to add other conditions to the definition of whether {Ci} “exists’. An
example would be to incorporate the notion of C strongly inducing intelligibility functions of the
{Ci} . Among other things, thiswould allow us to define the complexity, to the computer constitut-
ing the very laws of the universe, of answering a particular question. But at a minimum, it seems
reasonable to say that any physical computer over U that is not amember of such a set { Ci} isnot
“real”.

Whether or not one adds such conditions, one can adopt the associated interpretation of what
it means to say that a particular { C'} “exists’ even when the elements of {C'} are close copies of
one another. In particular, one can do so when the elements of { Ci} are the entire sequence of pre-
dictions/observations that constitute the mind of some particular scientist. Doing so, we see that a

reality induces a set of scientists, each given by a different {Ci} .
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Adopting a different (“internal”) perspective, the human endeavour comprising the field of
physics constitutes a computer, with its input and output partitions delineated by states of the
mind(s) of one or more physicists. The goa of the field is to have the computer comprised of
those two partitions be computationally equivalent to that of the embedding reality. The analysis
of this paper provides results concerning the possible relationships between the field of physics
and those laws governing our embedding reality. For example, by Thm. 2, if we presume that the
minds of physicists are predictable to the laws of the universe, then those laws are not predictable
to physicists.

In addition to results concerning human endeavours, the analysis of this paper also provides
results concerning sets of mathematical laws governing universes. For example, for finite o( 0 ),
it is often reasonable to have one IN value for each G, and similarly one OUT value for each U
(that is the maximum number of both IN’s and OUT’s). Since there are 20( 0) binary-valued
guestions concerning 0, this means the (usually vast) majority of questions are not in {OUT}.
The “laws of the universe” cannot pose most questions concerning that universe (cf. Thm. 1).
Furthermore, by Thm. 3, we know that there are questions g (potentially not in OUT) for which
there is no IN value that can ensure that C's answer correctly gives q( U ). There are questions
concerning the universe that we can never force the laws of physics to answer correctly.

One possible objection to this entire approach is that the partitions IN and OUT can be viewed
as simply arbitrary “interpretations’ of G, with no further physical significance. Any other inter-
pretation is just as legitimate. When a workstation provides U and its user constitutes the com-
puter C under consideration, this arbitrarinessisn’t a problem. It is reasonable to say that the user
of the workstation provides the interpretation of G; it is (s)he who deems what the inputs and out-
puts to that workstation “mean”. A different user of the exact same workstation undergoing the
exact same dynamics is free to interpret that workstations's inputs nd outputs differently, and
thereby constitute a different computer C. One might want more though if rather than a worksta-
tion embedded in a universe and accompanied by an interpreting user in that universe, the com-
puter under consideration is supposed to be the very laws of that universe themselves. This issue
can be especially nettlesome when we want to view those laws as unique somehow, independent

of any interpreting “user”.
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One response to this objection isto simply say that areality’s laws are not embodied in ﬁ, but
rather in C. C applied to a particular Uis merely an instantiation of those laws. An alternative
response is to try to imbue a computer with “physical meaning” by considering the relationship
between the question / answer pairs in C and the associated elementsin 0. To that end, we say
that ( LAJ C) iscomputationally equivalent to a different reality ( 0 C") if two conditions hold.
First, the two realities must be copies of each other, so that their computers share the same set-val -
ued function frominputs IN to outputs (OUT,, OUTj). Second, the two computers share the same
set-valued function from inputs to the reality’s response to the associated question, i.e., from the
value of IN( U) to the value of o = [OUT,( U)]( U).3

A related alternative isto consider realities that do not contradict themselves, i.e., whose com-
puters are infallible (see the discussion in the appendix just before Corall. 1). If two redlities are
both infallible, then they are copies of each other if and only if they are computationally equiva-
lent. So under infallibility, the issue of computational equivalence between redlities is reduced to
the original issue of whether the realities are copies. In addition, if C is stable, the issue of
whether C weakly predicts some C' reducesto whether C' isintelligibleto C. Note also that for the
computers in infallible realities, we can simplify the definition of OUT to be just a mapping
from U to questions (the associated answers being set automatically). For all these reasons, it
seems reasonable to concentrate on infalible realities, and thereby surmount any qualms about

whether C is*“just an interpretation” of 0.

ii) Relation of Thm. 2 to previous work

Any results concerning physical computation should, at a minimum, apply to the computer
lying on a scientist’s desk. However that computer is governed by the mathematics of determinis-
tic finite automata, not that of Turing machines. In particular, the impossibility results concerning
Turing machines rely on infinite structures that do not exist in any computer on a scientist’s desk.

On the other hand, when one carefully analyzes actual computers that perform calculations
concerning the physical world, one uncovers a mathematical structure governing those computers
that is replete with its own impossibility results. While much of that structure paralels Turing

machine theory, much of it has no direct analogue in that theory. For example, it has no need for
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structures like tapes, moveable heads, internal states, read/write capabilities, and the like, none of
which have any obvious relation to the laws of quantum mechanics and general relativity.

Nonetheless, there are a number of previous resultsin the literature that can be viewed as Tur-
ing machine analogues of Thm. 2. Many authors have shown how to construct Turing Machines
out of physical systems (seefor example[11, 25] and references therein). By the usual uncomput-
ability results, there are properties of such systems that cannot be calculated on a physical Turing
machine within a fixed allotment of time (assuming each step in the calculation takes a fixed non-
infinitessimal time). In addition, there have been a number of results explicitly showing how to
construct physical systems whose future state is non-computable, without going through the inter-
mediate step of establishing computational universality [14, 26].

There are several important respects in which the results of this paper extend this previous
work. All of these previous results rely on infinities of some sort in physically unrealizable sys-
tems (e.g., in [26] an infinite number of steps are needed to construct the physical system whose
future state is not computable). In addition, they all assume one's computing device is no more
powerful than a Turing machine. Also none of them are motivated by scenarios where the compu-
tation is supposed to be a prediction of the future. Nor are they extendable to allow arbitrary cou-
pling between the computer and the external universe, as (for example) in the processes of
observation and control. There are other limitations that apply to many of these previous results
individually, while not applying to each and every one of them. For example, in [26] it is crucial
that we are computing an infinite precision real number rather than a “finite precision” quantity
like an integer. As another example, many of these previous results explicitly require chaotic

dynamics (e.g., [8]). None of these limitations apply to the result of this paper.

iii) Futurework

Future work includes investigating the following issues:

i) How are the results modified if one is concerned with probabilities of erroneous prediction

rather than just worst-case analysis of whether there can possibly be erroneous prediction?
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i) How must the definitions and associated results be modified for analog computers (so that one
is concerned with amounts of error rather than whether thereisan error)? Even if oneis predicting
the future state of a stochastic system, so long as that prediction is falsifiable the analysis in this
paper applies. (Seethe discussion just before Ex. 1.) However how should the analysis be changed
if what oneistrying to predict is arandom variable? Alternatively, what if (asin the classical real
world) U has a definite val ue, but the output of the computer is a probability distribution? (See the

discussion preceding Lemma 1 in the appendix for preliminary thoughts on this latter topic.)

iii) Since by adopting the many-world interpretation we can cast quantum mechanics as purely
deterministic evolution in Hilbert space, the presumption of determinism in this paper does not a
priori invalidate its applicability to quantum systems. However it is still worth asking whether
there any modifications to the definitions that would facilitate the analysis for quantum systems,
especialy if we adopt the Copenhagen interpretation. If there are such modifications, then how
are the ensuing results different for quantum systems? (As an example of such a modification, one
might want to allow sufficient time between T and 1 to not run into difficulties due to the Heisen-

berg uncertainty principle.)

iv) Find the exact point of failure — which according to (1) and (2) must exist — of theintuitive
argument “1f the computer is simply a sufficiently large and fast Hamiltonian evolution approxi-

mator, then it can emulate any finite classical non-chaotic system”.

v) Asmentioned in the introduction, thereis alarge body of work showing how to embed TM’sin
physical systems. One topic for future work is following an analogous program in the domain of
physical computation, for example by investigating what physical systems support copies of any

element of various sets of physical computers.
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vi) Exploiting the generality of our definitions, it may be possible to apply the analysis of this
paper to the foundations of mathematics. As an example, view each 4 0 U as a“book”. Each
book consists of a collection of mathematical propositions, for example (though not necessarily)
expressed as strings over some fixed aphabet. The precise choice of U can embody any desired
restrictions on the set of possible books. The pair of a question and answer then is a choice of a
subset of books in U. For example, such a pair could be a subset of books all of which contain
propositions that all “make the same claim” (i.e., give the same answer) concerning some formal
mathematical hypothesis (i.e., concerning the question at hand). Next, a choice of an input to a
computer is arestriction of attention to a certain set of books. So as an, it could be arestriction to
aset of books all of which adhere to a certain set of axioms (that set constitute the premise that is
input to the computer). Finally, the output function is a mapping from a book to a question and
answer. For example, U may be a priori restricted to books that contain declarations of the sort
“given these axioms, the following is true”. In that case, the output function is away of choosing
a single such declaration from each book. (By allowing only one question per book, the output
function manages to sidestep the issue of ensuring no contradiction arises between its answers to
various questions for the same underlying book.)

Future work involves formalizing this and then working through the resultant implications of

this paper’s analysis of physical computation for the foundations of mathematics.

vii) What other restrictions are there on the predictability relations within distinguishable sets of
physica computers beyond that they form unions of DAG’S? In other words, which unions of
DAG’s can be manifested as the predictability relations within a distinguishable set? How does
this answer change depending on whether we are considering sets of fully input-distinguishable
computers or sets of pairwise-distinguishable computers? For what computers are there finite /
countably infinite / uncountably infinite numbers of levels below it in the DAG to which it
belongs? Might such levels be gainfully compared to the conventional computer science theory

issue of position in the Chomsky hierarchy?



viii) One might try to characterize the unpredictability-of-the-future result of Thm. 2 is as the
physica computation analogue of the following issue in Turing machine theory: Can one con-
struct a Turing machine M that can take asinput A, an encoding of a Turing machine and its tape,
and for any such A compute what state A’s Turing machine will bein after will be in after n steps,
and perform this computation in fewer than n steps? This characterization suggests investigating
the formal parallels (if any) between the results of these papers and the “ speed-up” theorems of

computer science.

iX) More speculatively, the close formal connection between the results of this second paper and
those of computer science theory suggest that it may be possible to find physical analogues of
most of the other results of computer science theory, and thereby construct a full-blown “physical
computer science theory”. In particular, it may be possible to build a hierarchy of physical com-
puting power, in analogy to the Chomsky hierarchy. In this way we could translate computer sci-
ence theory into physics, and thereby render it physically meaningful.

We might be able to do at least some of this even without relying on the DAG relationship
among the physical computersin a particular set. As an example, we could consider a system that
can correctly predict the future state of the universe from any current state of the universe, before
that future state occurs. The behavior of such a system is perfectly well-defined, since the laws of
physics are fully deterministic (for quantum mechanics this statement implicitly presumes that
one views those laws as regarding the evolution of the wave function rather than of observables
determined by non-unitary transformations of that wave function). Nonetheless, by the central
unpredictability result of Thm. 2, we know that such a system lies too high in the hierarchy to
exist in more than one copy in our physical universe.

With such a system identified with an oracle of computer science theory we have the defini-
tion of a“physical” oracle. Can we construct further analogues with computer science theory by

leveraging that definition of a physical oracle? In other words, can we take the relationships
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between (computer science) oracles, Turing machines, and the other members of the (computer
science) Chomsky hierarchy, and use those relationships together with our (physical) oracle and

physical computers to gainfully define other members of a (physical) Chomsky hierarchy?

x) Can we then go further and define physical analogues of concepts like P vs. NP, and the like?
Might the halting probability constant Q of algorithmic information theory have an analogue in
physical computation theory?

As another example of possible links between conventional computer science theory and that
of physical computers, isthere aphysical computer analogue of Berry’s paradox? Weakly predict-
ing a partition is the physical computation analogue of “generating a symbol sequence” in algo-
rithmic information complexity. The core of Berry’s paradox is that there are numbers k such that
no Turing machine can generate a sequence having agorithmic information complexity k (with
respect to some pre-specified universal Turing machine U). So for example one closely related
issue in physical computation is to characterize the physical computers Ct and x [IJ  such that [
acomputer C? where C! >> C2 and where [J partitions Tt, C% weakly predicts whether c(1t| C1) >
x (i.e., such that OIN? 0 {IN?} such that IN?( U) = IN? 0 OUTZ,( U) = (B, whether c(rt| CY) >
X)).

xi) Concerns of computer science theory, and in particular of the theory of Turing machines, have
recently been incorporated into a good deal of work on the foundations of physics (e.g., [36, 37}).
Future work involves replacing physical computers for Turing machines in this work, along with

replacing notions like prediction complexity for notions like algorithmic complexity.

xii) More generally, there have been many candidates proposed for how one should measure “the
complexity” of a physical system, e.g., thermodynamic depth [21], logical depth [4a], and physi-
cal complexity [36, 37]. Future work involves limning the relation between these alternatives and

prediction complexity. Particularly intriguing in this regard is logical depth, which is explicitly



46

concerned with “how much mathematical work” is needed to perform a computation, measured in
number of computation steps. Prediction complexity is also concerned with such work, only mea-
sured spatially in terms of how much initialization precision is required to perform the computa-

tion.

xiii) Other future work involves investigating other possible definitions of complexity for physical
computation. Even sticking to analogues of algorithmic information complexity, these might
extend significantly beyond the modifications to the definition of prediction complexity discussed
in the text. For example, one might try to define the analogue of a bit sequence’s “length” in terms
of the number of elementsin OUT, rather than in terms of avolume. As another alternative one
might take the (inverse) complexity of a computational device to be the number of input-distin-
guishable computers that can predict that device (working in some pre-specified input-distin-
guishable set, presumably).

xiv) Yet other future work includes calculating prediction complexity of various systems for some
of the simple physical models of real-world computers (e.g., “billiard ball” computers, DNA com-
puting, etc.) that have been investigated, and investigating the prediction complexity of systems

like crystals and gases.

xv) It may prove fruitful to investigate further the concept of self-consistency discussed above, as
away address the issue of whether a universe and its laws “is’ a computer, and to scrutinize the
implications of the analysis of this paper for that issue.

As an example, there may be close connections between such implications and the fundamen-
tal laws of quantum mechanics. For example, recall that the number of questions that can be posed
to a computer is (far) fewer than the total number of intelligibility functions concerning partitions
across U (cf. Thm. 1). This forces a coarse-graining on that set of questions, with the mapping

from U — OUT( ﬁ) providing the choice of what associated universe-wide “observation” to per-
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form, with the coarse-graining of a particular question OUT, is akin to the uncertainty principle.
(Note that this physical computation “uncertainty principle” is different from the Thm. 2-based
one discussed in the text.) See (i) and (ii) above, as well asthe discussion of observation at the end
of Section 2.

In addition, there are at least several ways that the formal definition of areality can be modi-
fied. For example, one could consider realities that consist of sets of multiple computers together
with an underlying universe, rather than just a single such computer. Thiswould bring all the mul-
tiple computer unpredictability results (e.g., Thm. 2) directly into play within the fundamental

laws of physics themselves. Exploring such topicsis the subject of future work.

xvi) Originally we restricted attention to intelligibility functions that are question-independent
because otherwise no pair of computers could be mutually intelligible (Thm. 1). However it
turned out that even with this restriction, no pair of computers can be mutually predictable (Thm.
2). Accordingly, in Sections 3 and 4 attention shifted to god computers, which can correctly pre-
dict any computer outside of themselves, but are not themselves predictable to such computers.
Given this shift though, Thm. 1 now does not provide a reason to require that our intelligibility
functions be question-independent. Future work involves re-analyzing the issues addressed in
Sections 3 and 4 for full question-dependent intelligibility functions. Other future work involves
re-analyzing those issues for changes in which of the conditions (i), (ii) and/or (iii) discussed in

the appendix are used to define weak and/or strong predictability.

FOOTNOTES

[1] To “remember”, in the present, an event from the past, formally means “predicting” that event
accurately (i.e., retrodicting the event), using only information from the present. Such retrodiction

relies crucialy on the second law. Hence, the temporal asymmetry of the second law causes the
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temporal asymmetry of memory (we remember the past, not the future). That asymmetry of mem-
ory in turn causes the temporal asymmetry of the psychological arrow of time. “Memory systems
theory” refers to the associated physics of retrodiction; it is the thermodynamic analysis of sys-

tems for transferring information from the past to the present. See [31].

[2] Especialy for non-binary 11, many other definitions of prediction complexity besides Def.
11(ii) can be motivated. For example, one could reasonably define the complexity of Ttto be the
sum of the complexities of each binary partition induced by an element of 11, i.e., one could define
itasZpg c(f uno p, umo p} | C). Another variant, one that would differ from the one considered
in the text even for binary partitions, is mingnc-1(ry) [Zinp [(IN)]. For reasons of space, no such

alternatives will be considered in this paper.

[3] Notethat thereisalot of structure not captured in this definition. As an example, two realities
can be computationally equivalent even if they differ in their functions mapping IN( U ) -
[OUT( U ) N'l(INl)), where IN; isthe first element of {IN} (so that for neither computer does
INI(IN 1) vary asthe u argument to [OUT ()] is varied). Such a difference between the two real-

itiesis akin to adifference in their responses to counter-factual questions.

APPENDIX: FORMAL DEFINITIONS AND PROOFS

This appendix presents the fully formal definitions and proofs of the results discussed in the

text. We start with the following definition:

Definition 1:
i) A (computation) partition is a pair, consisting of a non-empty set of partition-element labels

and a single-valued mapping from U into that set. Unless stated otherwise, the mapping is
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assumed to be surjective onto the set.
i) Any question g [J Q is a partition, whose set of partition-element labelsis A, with elements a
[0 A called answers to that question. A(q) indicates the A-component of the pair g. We restrict

attention to Q such [at least two elementsin A(q) for at least oneq U Q.

Note that we make no assumptions concerning the finiteness of Q and/or any of the { A(q U Q}.
Unless indicated otherwise (e.g., in the definition of a question), any partition is assumed to con-
tain at least two elements. Note that the definition of a computer partition differs from that of a
conventional set-theoretic partition in itsinclusion of the partition-element |abels.

Given these definitions, we can now define physical computers:

Definition 2: i) In an output partition, OUT, the space of partition element labels is a space of
possible “outputs’, {OUT}, consisting of all pairs {OUT, U Q, OUT, I A(OUT )}, for some Q
and associated A(.) as defined in Def. (1). Often, for convenience, we will write an output parti-
tion OUT explicitly in the form (Q, OUT(.)), where OUT(.) isthe output map U 0 U — {OUT, O
Q, OUT, U A(OUT)}. Also, we will find it useful to define an associated (prediction) partition,
OUT() : U - (A(OUT,( ), OUT,( U)).

ii) Inaninput partition, IN, the space of partition element labels is a space of possible “inputs’,
{IN} = A(IN).

iii) A (physical) computer consists of the double of an input partition and an output partition

Since we are restricting attention to non-empty Q (cf. Def. 1), {OUT} = A(OUT) is non-
empty. The surjectivity usually assumed of IN(.) and OUT(.) (cf. Def. 1) is arestriction on {IN}
and { OUT}, respectively. In the case of OUT it reflects the fact that we want the computer to be
able to provide any of the allowed answers to any question it can pose. (This property is perhaps
the most important reason why we don’'t define the output of a computer simply to be a region

of lAJ but rather to be a question-answer pair that delineates such a region.) More generally, for
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both inputs and outputs, for reasons of convenience we don’t want to allow a value “officialy” to
be in the space of the computer’s potential inputs (outputs) if there is no state of the computer that
corresponds to that input (output). For example, if the computer is a digital workstation with a
kilobyte of its RAM set aside as input, it makes no sense to have the input space contain more
than (281924 values, the number of possible bit patterns in that RAM. For an example of when
OUT(.) need not be surjective, see Def. 7 below.

We can now define a*“ copy” of aphysical computer:

Definition 2 (iv): Given a computer C = {IN, Q, OUT(.)}, define the implication in {OUT} of
any value IN O {IN} to be the set of all OUT 0 {OUT} consistent with IN, in that 00 O U for
which both IN( U) = IN and OUT( U) = OUT.

v) The computer C2 = {IN2, Q%, OUT?(.)} isacopy of the computer C* = {IN?, Q1, oUTY()} iff
Q%=Q% {IN% ={INY} ={IN}, and theimplication in {OUT?} of any IN O {IN} isthe same as
the implication in { OUTY} of that IN.

As an example, any computer is a copy of itself. More generally, if V is a bijection over LAJ then
{IN(V()), Q(V), OUT(V(.))} isacopy of {IN(.), Q, OUT(.)}, where Q(V) = {q(V()) : q U Q}.
Note that Q% = Q! means that {OUT2} = {OUTY}. An obvious generalization of Def. 2(v) is to
only require that there be are-ordering of the individual q2 0 Q2 and/or abijective transformation
of some of the A(g? O Q?) such Q%= QL.

Note that IN*(.) may differ from IN2(.) and that OUTY(.) may differ from OUTZ(.) in the defi-
nition of a copy of a computer; the two computers are alowed to have different input values for
the same U, and they are allowed to have different output values for the same u. (If this weren't
the case, the two computers would be identical.) Similarly, they can have different Ui for the same
output values (and/or input value). Accordingly, aparticular partition can be weakly predictable to
a computer C but not to a copy of C. (For example, this can occur when that partition is related to

the output section of C's copy.)
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It is possible to generalize Def. 2(v) so that C* and C2 do not concern the same U. The only
place in our definition that the sharing of U arisesisin the requirement that Q% = Q. To circum-
vent that requirement, given any countable set of partitions { Tli} , define M({ T[i}) as the union over
all U of the strings (T U ), T&( U), ...). (Since {t}is countable, so is M({7}).) This union is how
the partitions collectively divide up U. Then if we replace the requirement that Q? = Ql with the
requirement that I'I(Qz) =N(QY), we arrive at our desired generalization.

If there is additional structure in the two U at hand, one can refine this generalization of the
definition of a copy. For example, if both 0 are topologica spaces that are homeomorphically
related, one can require that the transformation implicit in establishing that M(QY) = M(Q?

respects that homeomorphism.

Definition 3: Consider a physica computer C = (Q, IN(.), OUT(.)) and a O-partition . A (not
necessarily surjective) partition mapping U into B, f, isanintdligibility function (for ) if

06,000, 0)=m(0)0 f(U)=f ).
A set F of such intelligibility functionsis an intelligibility set for 1t

We view any intelligibility function as a question by defining A(f) to be the image of U under
f. If Fisanintelligibility set for tand F U Q, we say that rtisintelligibleto C with respect to F. If
the intelligibility set is not specified, it is implicitly understood to be the set of all intelligibility
functionsfor Tt

We say that two physical computers C* and C? are mutually intelligible (with respect to the
pair (FL, F?)) iff both OUT? isintelligible to C* with respect to F2 and OUT? isintelligible to C?

with respect to F1.

Plugging in, tisintelligible to Ciff U intelligibility functionsf, Llq L OUT, such that q =f, i.e,,
such that A(q) = theimage of U under f, and suchthat 0 U 0 U, g( U) = f( U ). Formally, by the
surjectivity of OUT(.), demanding intelligibility implies that 0 0 U such that 0 U 0 U,

[OUT,( U')]( U) =f( U). Note that since Tt contains at least two elements, if mtisintelligible to C,
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HOUT, U {OUTg} such that A(OUTg) = B, an OUT, such that A(OUT) = {0}, and one such
that A(OUTg) = {1}. Usualy we are interested in the case where Tt is an output partition of a
physical computer, asin mutual intelligibility.

In conventional computation asin Ex. 1, IN(.) specifies the question g [J Q we want to pose to
the computer. In such scenarios, mutual intelligibility restricts how much computation can be
“hidden” in OUT?(.) and INY(.) (OUTY(.) and IN?(.), respectively) by coupling them, so that sub-
sets of the range of OUTZ(.) are, directly, elements in the range of IN(.), without any intervening
computational processing.

We are now in a position to formally define what it means for a computer to make a predic-
tion. First consider the following three conditions relating a computer C, a partition 1, and an
intelligibility set for 1, F:

i) misintelligibleto C with respect to F, i.e., F 1 OUT ;
i) OfOF OINDO{IN} that weakly inducesf, i.e., an IN such that:
IN(u) = IN
|

OUTH(U) = (A(f), F(L));

iii) O f OF, if the set of IN values weakly inducing f is non-empty, then there is at least one of
those IN for which it is further true that IN( Au) =IN 0 OUT( ﬁ) =f.

Intuitively, condition (ii) means that for all questions g in F, thereis an input state such that if Cis
initialized to that input state, C's answer to that question q (as evaluated at T) must be correct. If
(i) and (iii) both hold, then we can combine those conditions into the single statement that [ f [
FOINO{IN} suchthat IN(U)=IN O OUT( Q)= (f,f( 1)), and (i) is superfluous. Intuitively,
in such a situation, for any question in the intelligibility set, there is aways an input that induces
the computer to ask and (correctly) answer that question.

Many of the unpredictability results do not require that all three conditions hold. In particular,

our central result, Thm. 2, relieson neither (i) nor (iii); inits strongest formulation it only invokes
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condition (ii) (as the proof of it presented below makes clear). In contrast, existence proofs are
strongest when we impose as many conditions as possible. This raises the issue of which of those
conditions would most usefully be incorporated into our definition of predictability. As a compro-
mise, here the term “weak predictability” is interpreted to mean only that conditions (i) and (ii)

necessarily hold:

Definition 4. Consider a physical computer C, partition 1t, and intelligibility set for 1, F. We say
that Ttis weakly predictable to C with respect to F iff F J OUTg, and U f O F, IN O {IN} that

weakly inducesf.

Asaformal matter, note that in the definition of predictable, even though f(.) is surjective onto
A(f) (cf. Def. 3), it may be that for some IN, the set of values f( U ) takes on when Uis restricted
so that IN( G) =IN do not cover al of A(f). The reader should also bear in mind that by surjectiv-
ity, O IN O{IN}, 00O O suchthat IN( ) = IN.

We next define the property that two computers’ input functions are independent:

Definition 5: Consider aset of n physical computers{C' = (Q', IN'(.), OUT!()) :i =1, ..., n}. We
say {C'} is (input) distinguishable iff 0 n-tuples INL O {IN3}, ..., IN" T {IN™), 00 O U such
that O i, IN'( U) = IN' simultaneously.

We say that{Ci} ispairwise (input) distinguishableif any pair of computersfrom{Ci} isdistin-
guishable, and will sometimes say that any two such computers C* and C? “are disti nguishable
from each other”. We will also say that {Ci} isamaximal (pairwise) distinguishable set if there
are no physical computers C 0 {C'} suchthat C 0 {C'} isa (pairwise) distinguishable set.

Our first result does not even concern the accuracy of prediction. It smply states that for any
pair of physical computers there are always binary-valued questions about the state of the uni-

verse that cannot even be posed to at least one of those physical computers. In particular, thisis
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true if the second computer is a copy of thefirst one, or even if it is the same as the first one. (The
result does not rely on input-distinguishability of the two computers — a property that obviously
does not describe the relationship between a computer and itself.) This impossibility holds no
matter what the cardinality of the set of questions that can be posed to the computers (i.e., no mat-
ter what the cardinality of {IN} and/or Q). It is also true no matter how powerful the computers
(and in particular holds even if the computers are more powerful than a Turing Machine), whether
the computers are analog or digital, whether the universe is classical or quantum-mechanical,
whether or not the computers are quantum computers, and even whether the computers are subject
to physical constraints like the speed of light. In addition the result does not rely on chaotic
dynamics in any manner. All that is required is that the universe contain two (perhaps identical,

perhaps wildly different) physical computers.

Theorem 1: Consider any pair of physical computers{C' : i = 1, 2}. Either Ofinite intelligibility
set F2 for C2 such that C? is not intelligible to C! with respect to F?, and/or Ofinite intelligibility
set F! for C! such that Cl is not intelligible to C? with respect to F2.

Proof: Hypothesize that the theorem is false. Then C! and C?are mutually intelligible O finite F*
and F2. Now the set of all finite F2 includes any and all intelligibility functions for C?, i.e., any
and all functions taking U to a bit whose value is set by the value OUT¥( u ). The set of those
functions can be bijectively mapped to the power set 210UT3 so F20 Q1 0 o(QY) = 0(2{0UT),
However o({ OUT%}) = 0(Q?), since {OUT?} contains all possible specifications of a ¢? 0 Q%
Therefore o(QY) = 0(2Q2). But it is always true that o(2”) > o(A) for any set A, which meansin
particular that 0(29%) > o(Q?). Accordingly, o(QY) > o(Q?). Similarly though, o(Q?) > o(Qb).
Therefore o(QY) > o(QY), which isimpossible. QED.

Note that Thm. 1 doesn’t require that C* and C? be different computers.

Ultimately, Thm. 1 holds due to our requiring that our physical computer be capable of
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answering more than question about the future state of the universe. To satisfy this requirement q
cannot be pre-fixed. (In conventional computation, it is specified in the computer’s input.) But
precisely because q is not fixed, for the computer’'s output of a to be meaningful it must be
accompanied by specification of g; the computer’s output must be awell-defined region in U.1tis
this need to specify q aswell asa in the output, ultimately, which means that one cannot have two
physical computers both capable of being asked arbitrary questions concerning the output of the
other.

Thm. 1 reflects the fact that while we do not want to have C’s output partition “rigged ahead of
time” in favor of some single question, we also cannot require too much flexibility of our com-
puter. It is necessary to balance these two considerations before analyzing prediction of the future.
We do this with the formal property of question-independence.

Recall that for any f that is an intelligibility function for (the output partition of) some com-
puter C, 0 U, U0 O, OUT( ) =0OUT( U') impliesthat f( U) =f( U'). So for such an f, thejoint
condition [OUT4( U) = OUT4( )] » [OUTy( U) = OUT( U')] impliesthat f( U) =f( U'). We

consider f’sthat obey weaker conditions:

Definition 6: Anintelligibility function f for an output partition OUT(.) is question-independent
iff O U, U0 O0:

OUT,(U) = OUTy(U)

O
f(u)=f(U).

Anintelligibility set asawhole is question-independent if al its elements are.

We write C! > C? (or equivalently C2 < C1) and say simply that C? is (weakly) predictableto
C! (or equivalently that C* can predict C?) if OUT?, is weakly predictable to C* for all question-
independent finite intelligibility sets for c2. Similarly, from now on we will say that C?isintelli-
gible to C! without specification of an intelligibility set if OUTZ isintelligible to C* with respect
to all question-independent finite intelligibility sets for C2.
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Intuitively, f is question-independent if its value does not vary with g among any set of g all of
which share the same A(q). As an example, say our physical computer is a conventional digital
workstation. Have a certain section of the workstation’s RAM be designated the “output section”
of that workstation. That output section is further divided into a* question subsection” designating
(i.e., “containing”) ag, and an “answer subsection” designating an a. Say that for all q that can be
designated by the question subsection A(q) is a single hit, i.e., we are only interested in binary-
valued questions. Then for a question-independent f, the value of f can only depend on whether
the answer subsection containsa 0 or a 1. It cannot vary with the contents of the question subsec-
tion. In terms of the first of the motivations we introduced for requiring intelligibility, requiring
guestion-independent intelligibility means we only require each computer’s answer to be readily
intelligible to the other one. We are willing to forego having the question that each computer
thinksit's answering also be readily intelligible to the other one.

Asaformal example of question-independent intelligibility, say our computer has questions g
for which A(q) = B, questions q for which A(qg) = {0}, and q for which A(qg) = {1}, but no others.
Then there are four distinct subsets of U, which mutually cover 0, defined by the four equations
OUT,( U)=(B, 1), OUT,( U) = (B, 0), OUT,( U) = ({1}, 1), and OUT( U) = ({0}, 0). (Thefull
partition OUT(.) is a refinement of this 4-way partition, whereas this 4-way partition need not
have no relation with the partitions making up each g in Q.) So a question-independent intelligi-
bility function of our computer is any B-valued function of which of these four subsets a particu-
lar U fallsinto.

Thm. 1 does not hold if we restrict attention to question-independent intelligibility sets. Asan
example, both of our computers could have their output answer subsections be a single bit, and
both could have their Q contain all four Boolean questions about the state of the other computer’s
output answer bit. (Those are the following functions from u0 0 - B: Isu such that the other
computer’s output bit is 1?7 0? 1 and/or 0? Neither 1 nor 0?) So the Q of both computers contains
all possible question-independent intelligibility sets for the other compuiter.

So Def. 6 allows usto circumvent Thm. 1. As an alternative solution, we could define aques-
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tion-free computer asapair of an input partition and an output partition where the variable OUT
only consists of A(OUTg) and a (rather than OUT, A(OUT), and o). Working with such com-
puters would have the benefit of simplifying the analysis. Intelligibility in the sense originaly
defined, applied to a question-free computer, is exactly equivalent to applying question-indepen-
dent intelligibility to a full (question-dependent) computer. Moreover many of the results of this
paper still hold for question-free computers.

The problem with this alternative approach is that the two partitions IN(.) and OUT(.), by
themselves, don't really specify a“computer” in any sense. They don’'t specify a means of associ-
ating answers with questions. To address this without introducing OUT, one might add a map-
ping from questions to inputs to the definition of a computer. However once one does thisit is not
clear that this new definition of a computer isany “simpler” than our original one. This approach
is not pursued any further in this paper.

In general, we cannot have the IN value of our computer C always uniquely fix the associated
OUTy (i.e, cannot have the case O IN, JOUT , such that IN( G) =INO OUT4( G) =0UT). If
it did, then C could not predict most non-trivial computers that are distinguishable from C. For
example, say that for a computer C2, 0 OUT%, O {OUT%}, A(OUT?) = {IN%, and that
OUTZ,( U) = IN%(U) O U. So C?s output simply equals its input. Then since whatever the
choice of IN all IN? values are allowed (by distinguishability), it follows that whatever the choice
of IN, all OUTZQ values are alowed. So appropriate choice of IN cannot make the value of OUT
track (an intelligibility function of ) OUTZG if that choice of IN forces aunique value of OUT,.

Thisis quite reasonable. If Clisto predict C? correctly, the information of what C? is cal cul at-
ing must somehow be conveyed into CL. Due to input-distinguishability, this can only happen by
Clsimplicitly “observing” what question C? is answering (rather than by having IN? reflect IN?).
Accordingly, for afixed IN%, C! must be able to generate different predictions, depending on the
results of that “observing”. Hence, IN* cannot fix the value of OUT?,. (On the other hand, it is not
so unreasonable to demand that the value of IN® specify the value of OUT?, i.e,, demand that it

uniquely fixes what question C* is answering. See Coroll. 1 below.)
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The following example establishes that there are pairs of input-distinguishable physical com-
puters{ C1, C% in which C?is predictable to C1, and in which the question component of OUT! is
uniquely fixed by IN®:

Example 2: Q? consists of a single question, one which is a binary partition of 0 so that
A(OUT?,( 0)) = B dways. Since OUTZ(.) i surjective, the image of U under OUTZ,()) isall of
B. Q' has four elements given by the four logical functions of the bit OUTZG( U ). (Note these are
the four intelligibility functions for C2) Have IN*()) = OUT?(.), so that { IN*} contains four ele-
ments corresponding to those four possible questions concerning OUTZG. Next, have OUTla( U )
=[oUTX( 1)](t) O GO 0. Then for any of the four intelligibility functions for C2, g, OIN O
{INY} such that INY( U) = INT O [A(QUTY, (1)) = A(g)] » [OUTY,(U) =q(U)]; simply
choose IN? = g, so that INY( ) = IN* O OUT?( U) = q. Finally, to ensure distinguishability, if
there are multiple IN? values, have each one occur for at least one U in each of the subregions
of O given by the partition INY(.).

Due to gquestion-independence, we do not need to specify OUTzq(.). If we like, we could set it so
that OUT?, is uniquely fixed by the value of IN?, just asis the case for C.

To ensure surjectivity of OUTY(.), we could have INY(.) subdivide each of the two sets (one set for
each value of OUTZ,) { U0 U : OUTZ,( U) = OUTZ,} into four non-empty subregions, one for
each IN? value. So (INY( Ui ), OUTZ,( Ui)) are two-dimensional coordinates of a set of disjoint
regions that form arectangular array covering 0. Thismeansthat U — (INY( ﬁ), OUTZG( G)) is
surjective onto {IN?} x {OUT?}, so that for any OUTY, and intelligibility function for C?, g,
there is always a value of IN? that both induces the correct prediction for that function q and is

consistent with that OUT?,.

The following variant of Ex. 2 establishes that we could have yet another computer C3 that
predicts C2 but that is also distinguishable from C:
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Example 2 Have Q%= Q% {IN% ={INY}, 0UT3 () = IN%(), OUT3,( 0) = [OUT3,( U)]( )
0 G0 U, and have IN3(.) subdivide INY(.) so that all four values of IN3 can occur with each value
of INL. In general, as we vary over al ( 0 U and therefore over al (INL, IN3) pairs, the pair of
intelligibility function that C* is predicting will separately vary from those that C3is predicting, in
such away that all 2* pairs of intelligibility functions for C? are answered correctly for some u

0 0.

In addition, we can have a computer C*, distinguishable from both C and C2, where C* > C1,
so that C* > C! > C2. We can do this either with C* > C? or not, as the following variant of Ex. 2

demonstrates:

Example 2" Have OUT#(.) = IN%(.), OUT#( 1) = [OUT4(U)I(U) 0 4O 0, and {IN% =
{OUT*3} equalsthe set of all 2* question-independent intelligibility functions for C*. (There are
four possible OUTlp: {{0}, 0), {1}, 1), (B, 0), (B, 1)}.) Ensure surjectivity of OUT*(.) by hav-
ing each region of constant OUT*,( ') overlap each region of constant OUTY( U ).This estab-
lishes that C* > CL. Distinguishability would then hold if IN%(.) subdivides INY(.) so that all 16
values of IN* can occur with each value of INL.

In this setup, C? may or may not be predictable to C*. To see how it may not be, consider the case
where {IN?%} isasingle element (so distinguishability with C? is never an issue). Have IN*(.) be a
refinement of OUTZG(.), in that each IN* value can only occur with one or the other of the two
OUT?Z, values. So each IN* value delineates a “ horizontal strip” of constant OUTZ,( U), running
across all four values of INY(U ). (Since INY(U ) = OUT! (U ), and OUTY,(0 ) =
(OUTL,( U ))( ), OUTY,(0) = (IN1( U))( U), so specifying the value of IN( U ) specifies
OUTZ,( U), and each strip crosses all four OUT?, values, as was stipul ated above.)

Now choose the strip with A(QUT4( U)) = A(IN*( 1)) = {0} to have coordinate OUTZ,( U) =1,
and the strip with A(QUT#( U)) = {1} to have coordinate OUTZ;( U) = 0. In the remaining four-

teen strips, OUT"’G( u ) isnot constant, and therefore is not a single-valued intelligibility function
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of the associated (constant) value of OUTZp( u ). In both of those two strips though, OUT4G( U )
is the opposite of OUTZG( U ). So no IN* value induces the identity question-independent intelli-
gibility function for C% U - OUTZ,( U ), i.e, no IN* induces OUT4( U) = (B, OUTZ,( U)).
Accordingly, C* does not predict c2.

In other instances though, both C2and Clare predictable to C*. To have this we need only subdi-
vide {IN% and {OUT# into two portions, ({IN% 5, {OUT#4 »), and ({IN%} g, {OUT# ), which
divide U in two. Thefirst of these portionsis used for predictions concerning C? asinEx. 2; each
region of constant IN%( U ) is a subset of a region of constant IN( U ) overlapping both
OUTZG( U ). The second is used for predictions concerning C1, as just above. It consists of hori-
zontal strips extending over that part of U not taken up by the regions with IN%( 0) O {IN% ». So
{IN*} o = {OUT*;} 5 contains four elements, and {IN*}g = {OUT*} g contains sixteen, which
means that {IN} = {OUT} contains twenty elements, al told. Distinguishability is ensured by
having IN“ take on all its possible values within any subset of U over which both INY(.) and INZ())

are constant.
We now present the proof of Thm. 2:

Proof of Thm. 2: Given OUTY(.) and OUTZ(.), define the function f( U ) by:

f2(U) = 1if A(QUTY,( 1)) ={0};

f2(U) =0if AQQUTY, (1)) ={1};

f2(U) = NOT[OUT,( U)] if A(QUTY,( U)) = B; and

f2( ) = 0 otherwise.
Intuitively, this function is the negation of OUTYs answer when OUTY's question is contained in
B. Now A(f9) O {{0}, {1}, B}, with its precise value depending on OUT?. Since by construction
2 does not vary with OUT?,( 1), only with A(QUT¢( 1)), this means that 2 is a question-inde-
pendent intelligibility function for OUT?. Define ! similarly, just with no negation operation;
f1( U) = OUTZ,( U), whenever A(OUTZ;) 0 B, and equals 0 otherwise.
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By hypothesis, OIN? such that IN?( U) =IN? O OUTZ,( U) = (A(%), f4( U)). (Note that for
that IN?, A(QUTZ,( U)) O{{0}, {1}, B}.) Similarly for IN' and f*. So by input distinguishability,
Osingle U such that at the same time, OUT?,( U) =f2( ) and OUT,( U) = fX( U). Plugging in
and using the fact that both A(OUTZ,( U)) O{{0}, {1}, B} and A(QUT(( U)) O{{0}, {1}, B},
we seethat OUTY,(U) =fL( U) = OUTZ,( U) = f2( ) = NOT[OUTZ,( U)]. This contradiction

establishes our result. QED.

Restating it, Thm. 2 says that either CIfinite question-independent intelligibility set for Ct, F,
such that Ct is not predictable to C2? with respect to FL, and/or Ofinite question-independent intel-
ligibility set for C2, F2, such that C? is not predictable to C* with respect to F2. We can weaken the
definition of “intelligibility” and still establish the impossibility of having both C1 > C? and C? >
CL. For example, that impossibility will still obtain even if neither C! nor C? contains B-valued
questions, if they instead contain all possible functions mapping each others' values of OUT,,
onto {0, 1, 2} (or more precisely contain all such functions of OUT, — cf. the definition of pre-
diction partition in the appendix. For pedagogical smplicity, such weakened definitions are not
investigated here.

Note that Thm. 2 still holds if we consider larger intelligibility sets that are supersets of F, the
set of al intelligibility functions of OUT,. In particular, consider modifying the definition of
weak predictability to involve F, the set of al intelligibility functions of the partition u -
(IN( U), OUT,( U)). Intuitively, this is the set of all (question-independent) intelligibility func-
tions of the entire computer (IN, OUT), not just of its output partition. (So “prediction” now
means, in essence, predicting all aspects of C.) Then since F [0 F, Thm. 2 still applies with this
alternative definition of weak predictability.

Asmentioned previously, Thm. 2 does not rely on intelligibility. Thisreflects our restriction to
question-independent intelligibility functions. Such functions cannot “see” what the contents of
some (computer-to-be-predicted’s) OUT, are. Similarly, condition (ii) does not care about the

contents of any (predicting computer’s) OUT,. So the contents of OUT , in either a predicting or
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being-predicted computer are, for the most part, irrelevant. Accordingly, restrictions on those con-
tents have few effects concerning computers predicting each other using question-independent
intelligibility sets.

Nonetheless, Thm. 2 can be used to derive an uncomputability result that does rely on mutu-
aly intelligibility. To seethis, define acomputer C to be (OUT ) stableif [ q U { OUT g}, thereis
always an associated input that forces the output question to equal g, i.e., if CIIN such that IN( U )
=IN O OUT(( U ) = g. (Note that given any OUT, stability can always be assured by choosing a
sufficiently fine-grained IN(.).) In addition, define a computer to be infallible if its associated
answers are always correct responses to its associated questions, i.e., if OUT 4( U ) = [OUTy( U
)1( U ) . (Asan example, given any partition 11, the computer which has a single question given

by g( U) =1 U) and which has OUT4( U) = 1( U) isinfallible.) Then we have the following:

Corollary 1: Let Ct and C? be two disti nguishable mutually intelligible computers, both of which

are stable. It is not possible that both C* and C? areinfalible.

Proof: Let F? be the set of all questions-independent intelligibility functions for C2. Then F? O
{OUT!}, by mutual intelligibility. By stability of OUT?, this meansthat O f O F2, OIN O {INg}
such that INy(U) = IN 0 OUT%(U) = f. If C were infallible, this would then mean that
OUTL( 1) = (A(f), f( U)). SoIN weakly inducesf, and more generally, C' > C2. Similarly, C?>
CL. If we now apply Thm. 2 we get the result claimed. QED.

Similarly, one can produce corollaries of the results presented below by, in essence, replacing pre-
dictability with infallibility. For reasons of space, those corollaries are not presented here. Note
that for any stable, infallible computer C, if C'isintelligible to C, then all three conditions (i-iii)
considered for defining weak predictability hold.

As an aside, there are sevearl ways one can generalize the foregoing to the case of stochastic

scenarios. One starts by defining a probabilistic partitions R as a space of partition labels A(R)
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and an associated distribution Pr(r O A(R) | u ). (The situation considered heretofore is the spe-
cial case where al partitions are delta functions.) In particular, an output probabilistic partition
OUT is one where A(OUT) isthe set of al pairs{q [l {OUTg}, a U A(q)} for some set of proba-
bilistic partitions { OUT¢}. An example is a workstation whose output answer a is the specifica-
tion of one of a set of candidate Gaussian distributions concerning the external world, i.e, a
Gaussian P( u | a). Given also aprior distribution P(ar), we can express that workstation’s output
as a probabilistic question P(a | G) together with a particular associated answer. Another example
iswhere Uis awavefunction, and a probabilistic partition gives the results of a Hermitian operator
applied to that wavefunction.

For ssimplicity assume that the full joint distribution over U and all partition labelsis specified,
and that P( u ) isnowhere-zero over its domain of definition. Now any actual physical computer’s
stateis specified in U for aclassical universe, and the sameistrue in the quantum case assuming U
is an eigenstate of the operator of a human observing the computer’s output. Accordingly, the
input and output probabilistic partitions of a probabilistic computer (i.e., P(IN O {IN} | ﬁ) and
P(OUT O {OUT} | G), respectively) are deltafunctions, although the partition OUT,, is not onein
general. Two probabilistic computers C* and C? are (input) probabilistic distinguishable if [
INY O {INY and IN2 0 {IN%}, O U such that P( u) # 0, P(INY | U) # 0, and P(IN? | U) # .

As before, an intelligibility function is a “translation” mapping a partition’s possible outputs
into B. Formally, a probabilistic intelligibility function @ of a (probabilistic) partition R with
labelsr is a probabilistic partition having A(®) [0 B where [Ja single-valued function h: R - B
such that P(¢ DA(®) | U) =[dd &(¢, h(r)) P(r | U). (A question-independent probabilistic intelli-
gibility function of an output partition OUT simply has h(OUT) depend only on OUT,) We
define the degr ee of weak predictability of aprobabilistic partition R to a probabilistic computer
Cfor anintelligibility set F as

Erc = MiNgpmax, [d8 Piy(alIN) Yo 8(6 b) Po(@]0) Poyr(OUT ;=(A(f), b)) .
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Intuitively, thisis the minimax probability of C's answer (b) agreeing with ®’s answer (¢).

Note that eg.c = 1 impliesthat @=b [ U such that P( U | IN) is non-zero (for the maximizing
IN). Now since output partitions are delta functions, if R is the output partition of a computer C',
then all ® [0 F are deltafunctions. In other words, those intelligibility functions are single-valued
functionsfrom LAJ to B (asaways arethe partitions IN and OUT). Accordingly, having ¢ necessar-
ily equal b reduces to the conventiona (non-probabilistic) definition of weak predictability, and
Thm. 2 applies. Thisprovesthat it isimpossible to have two distinguishable probabilistic comput-
ersCl and C? such that £c1.c2 = gc2.c1 = 1.

Returning to the case of non-probabilistic partitions, we now present a result that is often
handy in working with systems meeting our definition of weak predictability (i.e., conditions (i)
and (ii). First note that for any partition Tt containing at least two elements, there exists an intelli-
gibility function f for Ttwith A(f) = B, an intelligibility function f with A(f) = {1}, and an intelli-
gibility function f with A(f) = {0}. By exploiting the surjectivity of output partitions, we can
extend this result to concern such partitions. Thisis formally established in the following lemma,

which holds whether or not we assume partitions are binary:

Lemma 1: Consider aphysical computer CL. If Dany output partition OUT? that isintell igible to
Cl, then Oqgt O Q* such that A(qt) = B, ag* O Q' such that A(q) = {0}, and ag* O Q* such that
A(g) ={1}.

Proof: Since{OUT? is non-empty, { OUTZ:} is non-empty. Pick some q” 0 {OUT?;} having at
least two elements. (By definition of physical computer, there is at least one such q".) Construct
any binary-valued function "2 of o O A(q’) such that there exists at least one a for which f*2(a)
= 0 and at least one for which f"%(a) = 1. Define an associated function f*2( ) = f"2(OUT?,( 1))
if A(QUTZ,( U)) =A(q), 0 otherwise. By the surjectivity of OUTZ(.), b 0 A(q'), O U such that
both OUTZ,( ) =" and OUTZ,( U) = a. Therefore 0 U such that f2( U) = 1, and 0 U such that
f*2(U) =0.
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This establishes, by construction, that there is a question-independent intelligibility function for
C? that takes on both the value 1 and the value 0, f 2. So by our hypothesisthat CZ isintelligibleto
C1 with respect to any question-independent intelligibility function for C2, we know that {2 O Q1.
Moreover, viewed as aquestion, A(f %) = B. So, we have established that Q contains a binary val-
ued function.

Next, note that the function U 0 U - 1 is dways a question-independent intelligibility function
for C2, asisthe function U0 U - 0. Again using surjectivity, we see that A for these two func-

tionsare{1} and {0}, respectively. QED.
We now present proofs of some other results presented in the main text.

Proof of Coroll. 2. Hypothesize that the corollary is wrong. Define the composite device C =
(NH) = n2Y INYG), QY oUTY()). Since {C'} is fully distinguishable, IN"(.) is surjective.
Therefore C' isaphysical computer.

Since by hypothesis C" is intelligible to C™!, DOUT™, such that A(QUT™) = B. Also,
since C2 > €™, OIN™2 O {IN"% such that 00 O O for which AQQUT™ (U )) = B,
IN™2(U)=IN™2 0 OUT™%,( Uu)=0UT™,( U). Iterating and exploiting full distinguishabil-
ity, O(INY, ..., IN™2) such that O 0 O O for which AQQUT™ (1)) =B, INY( ), .., IN™2( 1))
=(NY ..., IN"® 0 OUT"(U) = OUTY( U) = OUT™( U). The same holds when we restrict U
so that the space A(OUT™( 1)) = {1}, and when we restrict U so that A(QUT™( u)) ={0}.

Since by hypothesis C" is intelligible to C™2, and since IN"(.) is surjective, this result means
that C" is predictableto C". Conversely, since C" > C! by hypothesis, the output partition of C” is
predictable to C", and therefore C” is. Finally, since{Ci} is fully distinguishable, C* and C" are
distinguishable. Therefore Thm. 2 applies, and by using our hypothesis we arrive at a contradic-
tion. QED.

Proof of Thm. 3: Assume our corollary is wrong, and some computer C is predictable to itself.
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Since by definition predictability implies intelligibility, we can apply Lemma 1 to establish that
thereisaq U OUT, ¢, such that A(q’) = B. Therefore one question-independent intelligibility
function for C is the function f fromu 0 0 - B that equals 1 if A(OUT( U )) = B and
OUT,( U) =0, and equals 0 otherwise. Therefore by hypothesis OIN O {IN} such that IN( U) =
IN O A(OUT4(U)) =B and OUT,(U) = f( U ). But if A(QQUT,(U)) = B, then f( U ) =
NOT[OUT 4( u )], by definition of f(.). Since IN is surjective, this means that there is at least
one U 0 O such that A(OUT,( U)) = B and OUT,( U) = NOT[OUT( U )]. Thisis impossible.
QED.

For analyzing god computers the following definition is useful:

Definition 7: Consider a pairwise distinguishable set {Ci} with god computer CL. Define the par-
titionsoUT™ (U0 0) = (OUTiqxj (U),0UT X (1)), where each answer map OUT X4 (1) =
(OUTL, (), OUTZ,( 1)), and each question [OUTiqxj (0)] =themapping givenby 0'0 U -
([OUTL,( U)]( i), [OUTZ,( U)]( U')). Then Ct is omniscient if OUTZ*®* is weakly predict-
ableto CL,

Intuitively, OUT™ is just the double partition (QUT'(), OUTI(.)) = ((OUT',(.), OUT'4(),
(OUqu(.), OUTja(.)), re-expressed to be in terms of a single question-valued partition and a sin-
gle answer-valued partition. To motivate this re-expression, for any two questionsq' 0 Q' and ¢ O
Q, let g x ¢f be the ordered product of the partitions g and df; it is the partition assigning to every
point ir 0 U the label (¢f( ), ¢/( Ur)). Thenif OUT!y( U) is the question ¢ and OUT,( Ui ) is
the question ¢/, OUT"J ( (i) is the question ¢ x ¢f. OUT"J " is defined similarly, only with one
fewer levels of “indirection”, since answer components of output partitions are not themselves
partitions (unlike question components). Note that even though any OUTi(.) and OUTj(.) are both
surjective mappings, OUT"™ need not be surjective onto the set of quadruples{q' 0 Q', ¢ O Q) o
0AQ) o DAQ)}-
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Corollary 3: Consider three pair-wise distinguishable computers C1, C2, C3, where D ® O Q°
such that A(q°) [J B. Assume that C! is an omniscient computer, and that C1 isintelligible to C5.
Finally, assume further that not only that C®s output can be any of its possible question-answer
pairs, but also that for any of its questions, for any of the associated possible answers, there are
situations where that answer is correct (so that C? should leave C¥'s answer alone in those situa-
tions). (Formally, this means that O pairs (q° O Q3, a® O A(g®), OU O O such that both
OUT3,( 1) =q®and ¥ ) = o3 i.e, [OUT3,( U)]( U) = a®) Theniit isnot possible that O U
0 0, 0UTZ,( U)=1if [OUT3,( U)I( U) = OUT3,( U), 0 otherwise.

Proof: Hypothesize that the corollary is wrong. Construct a composite device C%3, starti ng by
having IN*3()) = OUT3(.), Q%3 = Q® and OUTZ3()) = OUT3(.). Next define the question 6 by
the rule ©( U') = NOT[OUT3,( U)] if OUTZ,(U) =0, 6( U) = OUT3,( U) otherwise. (N.b. no
assumption is made that 8 0 Q%3.) To complete the definition of the composite computer C23,
have OUT23,( U) =8( U).

Now by our hypothesis, 0 u 0 O, 8( U) = [OUT3,( U)]( U). By the last of the conditions
specified in the corollary, this means that [ (qz'3 0 Q%3 a?2 [ A(q2'3)), OU such that
oUTZ3,( 1) = ¢?3 and OUTZ3,( U) = a®3. So C*® dlows dll possible values of {OUT?3}, as
aphysica computer must. Due to surjectivity of OUT3q, it also allows all possible values of the
space {IN%3}. To complete the proof that C>3 is a (surjective) physical computer, we must estab-
lish that OUTZ3,(U ) O AOUT?3(u)) Ou O 0. To do this note that if for example
A(OUTZ3,( 1)) = A(QUT3,( U)) = {1}, then since it is dlways the case that the OUTZ3,( U ) =
[OUTZ3,(U)I(b ) = [OUT3(u)(u ), OUTZ3, (U ) = 1. Similaly OUT?3,(0 ) O
A(OUTZ3( 1)) when A(QUTZ3 ( U)) = {0}. Finally, if A(QUT?3,( 1)) = B, then the simple
fact that OUTZ3,( U) O B dways means that OUTZ3,( ) O A(QUTZ3,( ).

Since Cl is intelligible to C3 and Q%3 = @3, Clis intelligible to C%3. Moreover, given any

question ¢23 O Q%3, D associated IN?3 O {IN%3} such that O U O O for which INZ3( 1) =
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INZ3, OUTZ3( U) = ¢*3. But as was just shown, OUT23 ( U) = ¢%3( U) for that U. Therefore
Clispredictable to C%3.

Next, since C! is omniscient, OUT?*3 is intelligible to CL. Therefore any binary function of
the regions defined by quadruples (A(OUTZ( U)), A(QUT3,( 1)), OUTZ%,( ), OUT3,( L)) is
an element of QL. Any single such region is wholly contained in one region defined by the pair
(A(OUTZ3,( 1)), OUTZ3,( U)) though. Therefore any binary function of the regions defined by
such pairs is an element of QL. Therefore C%2 is intelligible to QL. Similarly, the value of any
such binary function must be given by OUTZ,( U) whenever INY( U) equals some associated N,
So C%3 s predictable to CL.

Finally, since C! and C2 are input-distinguishable, so are C! and C%3, and therefore Thm. 2

applies. This establishes that our hypothesis results in a contradiction. QED.

Similarly, we cannot arrange to have two computers be “anti-predictable” to one another. This

is presented in the main text as Coroll. 4 of Thm. 2:

Proof of Coroll. 4: By assumption C* and C? are mutually intelligible. So what we must estab-
lish is whether for both of them, for al intelligibility functions concerning the other one, there
exists an appropriate value of IN' such that that intelligibility function isincorrectly predicted.

Hypothesize that the corollary iswrong. Then [J question-independent intelligibility functions
for C, 1, OIN? O {IN?} such that IN?( ) = IN? implies that [A(OUTZ.( U)) = NOT[A(f})]] »
[OUT?,( U) = NOT[f}( U1)]]. However by definition of question-independent intelligibility func-
tions, given any such f1, there must be another question-independent intelligibility function for
CL, 3, defined by f3(.) = NOT(f1()). Therefore OIN2 O {IN%} such that IN%( U ) = IN? implies
that [A(QUTZ,( U)) = A(f)] ~ [OUTZ,( 1) =3 U)].

This NOT(.) transformation bijectively maps the set of all question-independent intelligibility
functions for C2 onto itself. Since that set is finite, this means that the image of the set under the

NOT(.) transformation is the set itself. Therefore our hypothesis means that al question-indepen-
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dent functions for C* can be predicted correctly by C? for appropriate choice of IN? 0 {IN%}. By
similar reasoning, we seethat C! can always predict C? correctly. Since Ct and C? aredisti nguish-

able, we can now apply Thm. 2 and arrive at a contradiction. QED.

Recall that there are three conditions related to weak predictability, and for pedagogical sim-
plicity we settled on two for our formal definition of the term (cf. discussion preceding Def. 4).
The situation with strong predictability is closely analogous. Its formal definition involving two

conditionsis as follows;

Definition 8: Consider a pair of physical computers C! and C2. We say that C?is strongly pre-
dictable to C! (or equivalently that C! can strongly predict C?), and write C1 >> C2 (or equiva-
lently C2 << CY) iff:
i) C2isintelligibleto CY;
ii) O question-independent intelligibility functions for C2, g, O IN? O {IN%},
O INT O{INY} that strongly induces the pair (g, IN?), i.e., such that:
INY( u) = IN?
O
[OUTH( ) =A@, g ()] ~ [IN?( ) =IN?.

We now present the proofs of some of the fundamental theorems concerning strong predict-

ability:

Proof of Thm. 5: To prove (i), let f be any question-independent intelligibility function for @ By
Lemma 1, the everywhere 0-valued question-independent intelligibility function of Ttis contained
in QL, and since C* > C?, there must be an IN® such that IN*( ) = IN' 0 OUT%,(U)=0. The
same is true for the everywhere 1-valued function. Therefore to prove the claim we need only

establish that for every question-independent intelligibility function for T, f, for which A(f) = B, f
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0 Q*, and there existsan IN® such that INY( U) = IN* O OUTY,( U) =f( U). Restrict attention to
such f from now on.

Define a question-independent intelligibility function for C2, 12, such that A(12) = B, and such
that for all U for which A(QUT,( U)) = B, I%( Ui) = OUT?,( U). (Note that since C? > 11, there
both exist U for which OUTZ,( ti) = (B, 1) and U such that OUTZ( U) = (B, 0.) Now by hypoth-
esis, for any of the f we are considering, 0IN% O {IN? such that IN%( 1) = IN% O OUTZ,( 1)
= (B, f( U )). However the fact that C* >> C? 0O IN? O {INY} such that IN}(U) = IN1 O
IN?( ) = IN% and such that OUT( T1) = (A(19), 1( U)) = (B, 1( U)). Since IN?( U) = IN% for
such a U, A(OUT?,( U)) = B, and therefore I%( Ti) = OUTZ,( U). So OUTZ,( 1) for such a &
equals (B, OUTZ,( 0)). Sofor that INY, OUTL( Ti) = (A(F), f( 1)).

This establishes (i). The proof for (ii) goes similarly, with the redefinition that Ile fixes the
value of IN® aswell as ensuring that OUTZ,( 1) = (A(f), f( U)). QED.

Proof of Thm. 6: Choose any IN2. For any question-independent intelligibility function of
OUT?, f, there must exist an IN; 0 {IN} that strongly induces IN? and f, since C* >> C2. Label
any such IN as IN% (IN? being implicitly fixed). So for any suchf,{ U: INY(U)=IN%} O{ U:
IN%( U) = IN%. However since OUT?, is not empty, there are at least two question-independent
intelligibility functions of OUTZp, f, and fo, where A(f1) # A(f,) (cf. Lemma 1). Moreover, the
intersection { U: INY( U) = INY ) f U:INY(0) = IN*} = 0, since these two sets induce
different A(QUT?,) (namely A(f;) and A(f,), respectively). This means that { U : IN{(U ) =
IN%} O { U:IN% U)=IN%. Ontheother hand, for the same reasons, there must also exist an
IN? that strongly induces INY;_. Therefore JIN? suchthat { U IN*( T ) =IN?} O{ G:INY( U )
=IN%}.So{ U:IN¥( U )=IN?} O{ U:IN%( U )=IN%. Thisis not compatible with the fact
that IN?(.) is a partition. QED.

The following theorems involve physical computation analogues of TM theory.
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Theorem 4: Given aset of physical computers{C'}, 1C! 0 {C'} suchthat 0 C20{C"},
i) C2isintelligibleto CY;
i) 0?0 Q% OINYO{INY} suchthat INY( U)=IN1O ouTY,(U)=1iffg?(U)=
OUTZ,( 1).

Proof: Choose C? such that OUT?(.) = OUT(.). (If need be, to do this simply choose C? = CL)
Then in particular, OUT,(.) = OUT?,(.). Now since C? is intelligible to C* by hypothesis, by
Lemma 1 Oqt O Q! such that A(gl) = {0}, and therefore O g? O Q2 such that A(g?) = {0}. For
that g%, OUTL,( U) = 1iff 0= OUT,( U), which isimpossible. QED.

We now present definitions needed to analyze prediction complexity.

Definition 10: For any physical computer C with input space {IN}:

i) Given any partition 11, a (weak) prediction input set (of C, for ) isany set s I {IN} such
that both every intelligibility function for Ttis weakly induced by an element of s, and for any
proper subset of s at |east one such function is not weakly induced. We write the space of all weak
prediction input sets of C for Ttas C().

ii) Given any other physical computer C' with input space {IN'} for which the set of all ques-
tion-independent intelligibility functionsis{f'}, a (strong) prediction input set of C, for the tri-
pleC,in O{IN},and f'O{f}, isany set s[1{IN} such that both every pair (f' O f', IN' O in’) is
strongly induced by a member of s, and for any proper subset of s at least one such pair is not
strongly induced. We write the space of all strong prediction input sets (of C, for C', in', andf ") as
clc,in, ).

Definition 11: Given aphysical computer C and a measure dy over 0:
i) Define V(in O {IN}) asthe measure of the set of all 00 U such that IN( G) 0 in, and define the

length of in (with respect to IN(.)) asl(in) = -In[V(in)];
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ii) Given a partition Tt that is predictable to a physical computer C, define the prediction com-

plexity of Tt (with respect to C), c(1t| C), asming o cL(my [1(P)]-

Proof of Thm. 7: Given any intelligibility function f for 1, consider any INZf 0 {IN?%} that
weakly inducesf, i.e., such that IN%( U) = IN% O OUTZ,( 0) = (A(f), f( 0)). (The analysis will
not be affected if Ttis an output partition and we restrict attention to those intelligibility functions
for Tt that are question-independent.) Since C! >> C?, we can then choose an IN?, INL(IN%), to
strongly induce INZf together with any question-independent intelligibility function of OUsz.
(Indeed, in general there can be more than one such value of IN* that induces | N2f.) S0 in particu-
lar, we can choose it so that the vector OUT( U) = (A(1% ), 12a¢y( U)) for any possible func-
tion 12 ry. Now for that INY, IN*( T) = IN?, and therefore A(QUTZ( 1)) = A(f), which means
that 125 5( U) = OUTZ,( 1), whichin turn equals f( U) for that IN2. So O U such that IN*( T) =
INY(INZ), OUTL,( T) = (A(f), f( 1)). In other words, INY(IN%) weakly inducesin C* the same
intelligibility function for Ttthat IN% weakly inducesin C2. However since INY( U) = INL(IN%)
O IN%( U) = IN%, theset of U0 O suchthat INY( U) = IN%(IN%) is O the set such that IN?( U)
= IN%. Thismeans that I(INY(IN%)) = I(IN%). (Our task, loosely speaking, is to bound this differ-
encein lengths, and then to extend the analysis to simultaneously consider all such question-inde-
pendent intelligibility functionsf.)

Take {f;} to bethe set of all intelligibility functions for t. By the preceding construction, Ttis
weakly predictable to C* with a (not necessarily proper) subset of {IN(l szi)} being a member
of (CH™ (). Now any member of (C%) ™ (m) must contain at least three disjoint elements, corre-
sponding to intelligibility functions q with A(OUqu( G)) =B, {0}, or {1}. (See the discussion
just before Lemma 1.) Accordingly, the volume (as measured by du) of any subset of
{IN*(IN?)} O (CY ™ (m) must be at least 3 times the volume of the element of {I N (IN%)} hav-
ing the smallest volume. In other words, the length of any subset of {|N1fi(|N2fi)} 0 Yy

must be at most -In(3) plus the length of the longest element of {IN(l szi)} . Therefore c(tt| CY
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< max;; [I(IN*;(IN%))] - In(3).

Now take {IN?} to be the set in (€3 (r) with minimal length. {IN%} has at most o(2") dis-
joint elements, one for each intelligibility function for Tt Using the relation min;[g;] = -max; [-g;],
this means that c(1t| C?) = -In[o(2"] + miny, [I(IN?;)]. Therefore we can write ¢(1t| C*) - ¢(t| C?)
< In[o(2] - In(3) + max, [I(IN*(IN%)] - ming, [I(IN%)]. The fact that for all IN%, IN( U) =
IN% O A(OUT?( 0)) = A(f,) O B completes the proof of (i).

To prove (ii), note that we can aways construct one of the setsin (Cl)_l(T[) by starting with the
set consisting of the element of {Ilei(Iszi)} having the shortest length, and then successively
adding other IN values to that set, until we get afull (weak) prediction set. Therefore c(rt| CY) <
ming I(] lei(l szi)). Using this bound rather than the one involving -In(3) establishes (ii). QED.

Note that the set of X [ B such that [C?]™1(X) exists must be non-empty, since C > Tt Simi-
larly, C? > Tt means that there is a U such that A(OUT( U)) = X [ B. The associated 1% always
exists by construction: simply define 1% ( U) = OUTZ( U) 0 Usuch that A(OUT,( U)) = X, and
for al other G IZX( U ) = x for some x [ X. Therefore the extremain our bounds are always well-

defined.
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